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Preface and Course Map

These notes cover the whole of SCS 1306 in a single reference document. They were assembled
from the lecture slides, the six tutorial sheets, the in-class assignment, and Gilbert Strang’s
Introduction to Linear Algebra (6th edition), which is the recommended text for the course.

The one idea the course is built on

Almost everything in a first linear algebra course is an answer to one question:

What can | build out of a fixed set of vectors,

and which targets are out of reach?

Written algebraically, “what can I build” is the set of all linear combinations x1a; + - - - + x,a,;
written in matrix form it is Ax; written as a question it is Ax = b. Every major topic is a different
lens on that same equation:

Topic What it says about Ax = b

Elimination A reliable procedure for solving it.

Inverses When A can be undone, x = A~ 1b.

Determinants A single number that detects when it breaks.

Vector spaces The exact set of reachable b, and the ambiguity in x.
Orthogonality What to do when there is no exact solution.
Eigenvalues Directions in which A acts as mere scaling.
SVD/PCA The best possible coordinates for any A.
Transformations The geometric meaning of multiplying by A.

Course outline and where it lives in these notes

Syllabus topic Chapters here Strang 6th ed.

1 Linear systems 1-5 1.1-14,21-25
2 Vector spaces and subspaces 89 3.1-3.5

3 Orthogonality 10 41-4.4

4 Determinants 6-7 5.1-5.3

5 Eigenvalues and eigenvectors 11-12 6.1-6.5

6 Singular Value Decomposition 13-14 71-7.4

7 Linear transformations 15 8.1-8.3

8 Applications 16 Ch. 9-10




Remark - on the missing Lecture 2

Lecture 2 was not available when these notes were compiled. Judging from Tutorial 01
and Tutorial 02 — both of which are drawn almost verbatim from Strang §1.1-§1.3 — it
covered vectors, linear combinations, lengths and dot products, and the beginnings of
matrix notation. That material is reconstructed in full in Chapters 1 and 3 from the textbook,
so nothing in the syllabus is left uncovered.

How the boxes are colour-coded

Definition 0.1 Sample

Blue boxes state definitions. These are
the things you must be able to recite pre-
cisely; exam questions frequently begin
“State the definition of...".

Theorem 0.1 Sample

Teal boxes hold theorems, propositions,
lemmas and corollaries — the results

Purple boxes explain why a result is true
or what it looks like geometrically, with-
out the formalism.

Common Pitfall

Rust boxes flag the specific mistakes
that cost marks: sign errors in cofactors,
forgetting det(A + B) # det A + detB,
and so on.

you are allowed to use, usually with a .
proof following.

‘ Green boxes are step-by-step proce-
UEmEElSEIEE Ll o BEmp dures — the algorithm to follow when
you are asked to compute something.

Gold boxes are fully worked examples.
Most are taken directly from the tutorial
sheets so the arithmetic matches what
you have already seen.

White boxes with a green edge ?)BF{?I'#%O‘ fhe
matching section of the textbook, e.g. §2.2,
pp- 45-52.

Each chapter closes with an Exam Preparation panel: the formulas worth memorising, the pitfalls
specific to that chapter, and a handful of self-check questions with answers.

A suggested study order

If you are revising under time pressure, the dependency structure is:

Ch.4-5

Ch.1-3 Elimination Ch.6-7 Ch.10
Vectors & matrices . Determinants Orthogonality
& inverses
Ch.11-12 Ch.13-14
Ch.8-9 ‘ )
=
Vector spaces SEEEES S Fh

Ch.15-16
Transformations




Chapters 1-5 are prerequisites for everything. Determinants (6-7) and vector spaces (8-9) can be
read in either order. Eigenvalues need both. SVD needs eigenvalues and orthogonality.
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Notation

Notation in linear algebra is not fully standardised. The conventions below are used consistently
throughout these notes and follow Strang where possible.



Objects

R, C

]Rn

RmX}’l
0,x,b
A,B,Q,NA
c,d, A
0

Torl,

e1,...,€ey

Entries and pieces

the real numbers, the complex numbers

the set of column vectors with 7 real entries

the set of real matrices with m rows and n columns
vectors — bold lower case, always column vectors
matrices — upper case

scalars — lower case italic or Greek

the zero vector; O or 0 the zero matrix

the n x n identity matrix

the standard basis vectors (columns of I)

ajj the entry of A in row i, column j

a; the jth column of A

A=lajay -+ a,] Adisplayed by columns

v; the ith component of the vector v

Operations

AT transpose of A; (AT)ij = aj;

At inverse of A (exists only if A is square and nonsingular)
AT shorthand for (A~1)T = (AT)~!

x-yorx'y dot (inner) product

[Ix]| length (Euclidean norm) vxTx

det A or |A] determinant of A

trA trace of A, the sum of the diagonal entries
rank A rank of A

adj A adjugate (classical adjoint) of A

M;j the (i, j) minor of A

Cl']' the (Z,]) cofactor, Cz] = (—1)i+le‘]‘

Subspaces

C(A) column space of A — a subspace of R™

N(A) null space of A — a subspace of R"

C(AT) row space of A — a subspace of R"

N(AT) left null space of A — a subspace of R™
span{vy,..., v} the set of all linear combinations of those vectors
vt the orthogonal complement of the subspace V
dimV dimension of V (number of vectors in a basis)

Row operations

R; < R]'
R; — cR;
Ri — Ri — ER]
Decompositions

exchange rows i and j

multiply row i by the nonzero scalar c
subtract ¢ times row j from row i

the multiplier used to clear the (i, j) entry

A=LU
PA=LU
A=QR
A=XAX"1
S =QAQT
A=UzvT

lower triangular times upper triangular

the same with a row-exchange (permutation) matrix P
orthonormal Q times upper triangular R
eigen-decomposition (diagonalization)

spectral decomposition of a symmetric matrix
singular value decomposition

Xi



Remark . Columns, not rows

Every vector in these notes is a column. When a row is needed it is written as a transpose,
e.g.v' =[1 2 3]. Writing v = (1,2,3) in running text is an abbreviation for the column

1 o p g g c
[g} — this is Strang’s convention too, and it saves a great deal of vertical space.

Common Pitfall « with the word “adjoint”

In this course adj A means the adjugate: the transpose of the cofactor matrix, used in the
formula A~! = deﬁ adj A. In more advanced courses “adjoint” means the conjugate
transpose A*, which is a completely different object. Tutorial 05 uses the first sense.

Xii
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Vectors, Matrices and Linear Systems



Vectors and Linear Combinations

This chapter builds the vocabulary the rest of the course speaks in. A vector is a list of numbers with
two operations attached — addition and scalar multiplication — and every construction in linear
algebra is assembled from just those two. Combining them gives the linear combination cv + dw,
and the set of all such combinations is the single most important object in the subject. We finish
with lengths, angles and the dot product, which is what lets us measure inside a vector space.

Strang, Introduction to Linear Algebra, 6th ed., §1.1 (“Vectors and Linear Combinationss;sﬁéga éﬁtﬁed'
(“Lengths and Angles from Dot Products”). Tutorial 02 is essentially the problem set of §1.1.

1.1 What a vector is

Definition 1.1 Column vector

A vector in IR” is an ordered list of n real numbers written as a column:

On

The numbers vy, ..., v, are the components of v. Two vectors are equal exactly when all
corresponding components are equal — so equality in R” is really n separate equations.

L

A vector carries three simultaneous readings, and fluency means switching between them without
thinking:

Reading What v = (3,2) means When it helps

Algebraic the pair of numbers 3 and 2 computation, code

Point the location (3, 2) in the plane describing solution sets
Arrow displacement 3 right, 2 up addition, geometry, physics




1.1.1 The two operations

Definition 1.2 Vector addition and scalar multiplication

For v, w € R" and a scalar ¢ € R:

U1 + w1 vy
v+ w = : , v =
Uy + Wy CUy

Both operations act componentwise. Note that v + w is only defined when v and w have the
same number of components.

1.8v

0.4v

(a) head-to-tail addition

(b) all multiples cv fill a line through the origin

Figure 1.1: The two operations. Addition completes a parallelogram; scalar multiplication slides a vector
along a fixed line through the origin.

Intuition « why the parallelogram

Adding w to v means “start at the tip of v and apply the displacement w”. Doing it in
the other order — apply w first, then v — lands in the same place, which is exactly why
v + w = w + v and why the two routes bound a parallelogram.

Proposition 1.1 Algebraic rules

Forall u,v,w € R"” and all scalars ¢, d € R:

L

V1) v+w=w+v (V5) c(v+w)=co+cw
(V2) (u+v)+w=u+(v+w) (V6) (c+d)v=cv+dv
(V3) v+0=v (V7)  (cd)v = c(dv)

(V4) v+ (—v)=0 (V8) 1v=vw

L

Proof. Each rule is the corresponding rule for real numbers applied in every component simulta-
neously. For (V6), the ith component of the left side is (¢ + d)v; and of the right side is cv; + dv;;
these agree by the distributive law in R. Since i was arbitrary, the vectors are equal. n



Remark - these eight rules are the whole story

Chapter 8 turns this proposition on its head: instead of deriving the eight rules for R", we
will demand them of any set whatever, and call such a set a vector space. Everything proved
using only (V1)—-(V8) then applies to polynomials, functions and matrices without a single
extra line of work.

1.2 Linear combinations

Definition 1.3 Linear combination

Given vectors vy, ...,v; € R" and scalars ¢y, ..., cx € R, the vector
€101 + €20 + - - - + Cr Uk

is a linear combination of vy, ..., vx. The scalars c; are the coefficients or weights.

This is the central construction of the entire subject. Every question you will meet is a question
about linear combinations wearing a disguise:

Question Really asking

Does Ax = b have a solution? Is b a linear combination of the columns of A?

Is this set of vectors independent? Is 0 a linear combination in a non-trivial way?
What is the column space? What is the set of all linear combinations?

What is a basis? Which minimal set has all others as combinations?

1.2.1 The geometry of “all combinations”

Theorem 1.1 Shape of the set of all combinations

Let S be the set of all linear combinations of given vectors in R3. Then S is always one of
exactly four things, and it always contains 0:

$ Occurs when Example

{0} all the vectors are 0 c0

aline through 0 all nonzero vectors are parallel c(1,2,3)+4d(3,6,9)
a plane through 0 exactly two independent directions  ¢(1,0,0) +d(0,2,3)
all of R3 three independent directions ce1 +dey + ees




(a) a line (b) a plane (c)all of R®

Figure 1.2: The three nontrivial possibilities for the set of all linear combinations in R3. Which one occurs
is decided entirely by how many independent directions the vectors supply — this count is the rank,
introduced in Chapter 9.

Worked Example 1.1 - Tutorial 02, Q3 — classifying spans

Describe geometrically all linear combinations of:

1 3
(@) |2]| and |6
_3_ _9_
0 o
(b) |0f and |2
_0_ _3_
2] [0 2
() |0], 2] and |2
0] |2 3

(a) A line. The second vector is 3 times the first: (3,6,9) = 3(1,2,3). So every combination
c(1,2,3) +d(3,6,9) = (c+3d)(1,2,3) is just a multiple of the single vector (1,2,3). The set
is the line through the origin in the direction (1,2, 3).

(b) A plane. Neither vector is a multiple of the other (the first has a nonzero first component,
the second has zero there). Two independent directions sweep out a plane through the
origin. To name that plane, find a normal n with n - (1,0,0) = 0 and n - (0,2,3) = 0: the
first gives nq = 0, the second gives 2ny + 3n3 = 0, son = (0,3, —2) works. The plane is
3y —2z=0.

(c) All of R3. Check whether the third vector is a combination of the first two. Solve
c(2,0,0) +4d(0,2,2) = (2,2,3): from the second component 2d = 2 so d = 1; from the third
component 2d = 3 so d = 3. Contradiction — the third vector is ot in the plane of the first
two. Three independent directions in IR? produce all of R3.

Common Pitfall « the set of combinations always contains the origin

Taking c; = - - - = ¢, = 0 gives 0, so the set of all linear combinations can never be a line
or plane that misses the origin. This is exactly why translation is not a linear operation
(Chapter 15) and why the solution set of Ax = b with b # 0 is not a subspace.




1.2.2 Independence, informally

Definition 1.4 Linear independence — first pass

Vectors v, . . ., v are linearly independent if none of them is a linear combination of the
others. Equivalently,

o1+ -+ =0 = c1=c=---=c¢=0.

If some non-trivial choice of coefficients does give 0, the vectors are linearly dependent.

The second form is the one to use in proofs: it converts a statement about “none of them is”

(which would need k separate checks) into a single homogeneous system. Chapter 8 develops
this properly.

Worked Example 1.2 - Tutorial 02, Q10 — an independence test with a parameter

Decide whether u = (1,1,0), v = (0,1,1) and w = (a,b, c) are independent or dependent.

Set xu + yv + zw = 0 and read off the components:
x+az=0, x+y+bz=0, y+cz=0.

From the first and third, x = —az and y = —cz. Substituting into the second gives
—az—cz+bz=0,ie.z(b—a—c) =0.

® If b —a — ¢ # 0 the only possibility is z = 0, which forces x = y = 0: the vectors are
independent.

¢ If b = a+ c we may take z = 1, giving x = —a, y = —c — a non-trivial combination
equal to 0. The vectors are dependent, and indeed w = au + cv.

So: independent precisely when b # a + c. Geometrically, # and v span the plane x — y +
z = 0; w lies in that plane exactly whena — b +c = 0.

1.3 Lengths, dot products and angles

Addition and scalar multiplication cannot by themselves tell you that one vector is longer than
another, or that two vectors are perpendicular. For that we need one more operation.

Definition 1.5 Dot product

For v, w € R",

n
Vew = 0w = viw + 0wy + - + VW, = ) viw;.
i=1

The result is a scalar, not a vector.




Definition 1.6 Length / Euclidean norm

The length (or norm, or magnitude) of v € R" is

o] = Vo-v = /oi+- 4702, SO o> =2 .

A vector with ||v|| = 1 is a unit vector. For any v # 0, the vector u = v/ ||v|| is the unit
vector in the direction of v; forming it is called normalizing.

‘ '

Proposition 1.2 Properties of the dot product
Forallu,v,w € R"” and ¢ € R:
(symmetry) VW =W+

(linearity) (u+v)-w=u-w+v-w, (cv)-w=c(v-w)

(positivity) v-v > 0, with equality iff v = 0

,

Theorem 1.2 The angle formula

For nonzero v, w € R”, the angle 6 € [0, 7] between them satisfies

v-w
cosf = ———— equivalently  v-w = ||v]| ||w] cosb.
o] [l

In particular v - w = 0 exactly when 6 = 90°: the vectors are orthogonal (perpendicular).

Sketch, via the law of cosines. The triangle with sides v, w and v — w gives ||v — w|* = ||v|* +
|wl||* = 2 ||o]| ||w]| cos 6. Expanding the left side algebraically,

2 2 2

[0 —w|” = (v —w) - (v—w) = |v” = 2v-w+|w|.
Comparing the two expressions and cancelling [|o||* + ||w||* leaves —2v - w = —2 ||| ||w|| cos 6.

|
w v-w=0
0
90°
(a) the angle 6 (b) orthogonal vectors

Figure 1.3: The dot product measures alignment. It is positive for an acute angle, zero at 90°, and negative
for an obtuse angle.

Theorem 1.3 Cauchy-Schwarz and the triangle inequality

For all v, w € R":
lv-w| < ||v]| |w]| (Cauchy-Schwarz)



|lo+w| < [|o]| + ||w|| (triangle inequality)

Equality holds in Cauchy-Schwarz exactly when v and w are parallel.

Proof. Cauchy—Schwarz is immediate from the angle formula since |cosf| < 1. For the triangle
inequality, square the left side:

2 2 2 2 2 2
lo+w|” = |o|"+20-w+|w|” < [o|"+ 2| |w] + [w|” = ([o] + [wl])",

using Cauchy-Schwarz in the middle. Taking square roots (both sides are non-negative) finishes
it. |

Worked Example 1.3 - Tutorial 02, Q2 — a triangle of vectors

Going around a triangle from (0,0) to (5,0) to (0,12) and back to (0,0), what are the three
vectors u, v, w? What is u + v + w? What are their lengths?

Each side is (head) — (tail):

0-5 -5 0-0 0
p 0 = = p w = = .
12-0 12 0—-12 —12
Their sumis u +v +w = [03-_1;1—(1]2} = 0, which must happen: a closed path returns you to

where you started, so the total displacement is zero.

Lengths: ||u|| = v/254+0 =35, |v|| = V25 + 144 = /169 = 13, || w|| = v/0 + 144 = 12. The
familiar 5-12-13 right triangle. Consistently, u-w =5-0+0- (—12) = 0, so the sides u
and w meet at a right angle.

Worked Example 1.4 - Assignment 01, Q2(c) — the angle between two vectors

Witha = (1,0,—1) and b = (0,2,1), find the angle between them.

a-b=1-0+0-24(-1)-1=-1, |a|=v2,  |b] =5
Hence
cosf = S S ~ —0.3162, 6 = arccos(—0.3162) ~ 108.4°.
v2V5 V10

The negative dot product tells you immediately, before any arithmetic, that the angle is
obtuse.

1.3.1 Unit vectors and the standard basis

Definition 1.7 Standard basis vectors

In IR” the vectors

O =
—_ O
o O




are the standard basis of R”. In R? they are often written i,7, k. They are mutually
orthogonal unit vectors, and every v € R" has the unique expression v = vie; + - - - + v,e,.

That last sentence is worth pausing on: the components of a vector are its coefficients in the stan-
dard basis. Most of the second half of this course is about choosing a better basis — eigenvectors
in Chapter 11, singular vectors in Chapter 13 — in which the coefficients say something more
useful.

Worked Example 1.5 - Tutorial 02, Q14 — the clock vectors

Twelve vectors point from the centre of a clock to the hours 1:00, 2:00, .. .,12:00, each of
length 1.

(a) What is their sum V?
(b) If the 2:00 vector is removed, why do the remaining 11 add to the 8:00 vector?
(c) The 2:00 vector is (cos6,sin ). What is 6?

(a) V = 0. The twelve vectors come in six opposite pairs: 12:00 with 6:00, 1:00 with 7:00,
and so on. Each pair sums to 0, so the total is 0.

(b) If the sum of all twelve is 0, then removing one vector ¢, leaves 0 — ¢ = —c3. And —c2
is the vector pointing in the opposite direction to 2:00, which on a clock face is 8:00.

(c) Measuring 6 counter-clockwise from the positive x-axis (the 3:00 direction), each hour is
30° and the hands move clockwise. The 2:00 position is one hour before 3:00, so 6 = 30° =
7/ 6, giving ¢, = (cos 30°,sin30°) = (\/3/2, 1/2).

1.4 Vectors in three dimensions and beyond

Everything above was written for IR", and none of the algebra changes when n > 3. What is lost
is the picture; what is gained is that the same tools describe a 1000-dimensional data record as
easily as a point in space.

Worked Example 1.6 « Tutorial 02, Q24 — a cube in four dimensions

How many corners (£1, £1, +1, +1) does a cube of side 2 have in four dimensions? What
is its volume? How many 3D faces? How many edges?

Corners. Each of the 4 coordinates independently takes one of 2 values, so there are 2* = 16
corners.

Volume. Side length 2 in each of 4 dimensions: 2* = 16.

3D faces. A face is obtained by freezing one coordinate at +1 or —1: 4 coordinates x 2
choices = 8 three-dimensional faces (each of which is an ordinary cube).

Edges. An edge freezes 3 coordinates and lets 1 vary. Choose which coordinate varies
(4 ways) and fix the other three (23 = 8 ways): 4 x 8 = 32 edges. One edge runs from
(-1,1,1,1) to (1,1,1,1).

The general pattern for the n-cube: 2" corners, 2n faces of dimension n — 1, and n2n-1
edges.




Remark - why dimension counting matters

Notice that the number of corners grows like 2" while the number of edges grows only like
n2"~!. High-dimensional geometry is full of such surprises — most of the volume of a high-
dimensional cube sits near its corners, far from the centre. This “curse of dimensionality” is
precisely what PCA (Chapter 14) is designed to fight.

1.5 Exam preparation

Exam Preparation - Chapter 1

Formulas to know cold

veow=Y,v;w; =0 w (a scalar)
ol = Voo lo> =00
cosf =L vlw <= v-w=0
o[l f[w]
lo+w|? = ||o|]* 20w+ |w]|? (expand, don’t guess)

Pitfalls
* v -w is anumber. Writing “v - w = 0” (bold zero) loses a mark.

* ||lv+w| # ||v]| + ||w]| in general —itis <, with equality only for parallel same-direction vectors.
¢ The span of any set always contains 0. A line or plane that misses the origin is never a span.

* “None is a combination of the others” must be checked for all the vectors, not just the last one.
Use the }_ ¢;v; = 0 form instead.

Self-check

1. fv+w=(51)and v —w = (1,5), find v and w. [Tutorial 02, Q5]

2. Every combination of v = (1, —2,1) and w = (0,1, —1) has components adding to what? Why is
(3,3,6) impossible as cv + dw? [Tutorial 02, Q8]

3. Under what condition on a,b, ¢, d (all nonzero) is [ ;| a multiple of [;]? [Tutorial 02, Q1]

4. What combination c(1,2) +d(3,1) gives (14,8)? [Tutorial 02, Q17]

Answers

1. Add: 2v = (6,6) so v = (3,3); subtract: 2w = (4, —4) sow = (2, —2).

2. Components of v add to 0 and of w add to 0, so every combination has components adding to 0.
Since 3+ 3+ 6 = 12 # 0, (3,3, 6) is unreachable. For (3,3, —6): c = 3,d = 9.

3. Eliminating m from ¢ = ma, d = mb gives c/a = d/b, i.e. ad = bc (equivalently ad — bc = 0 —
this is the 2 x 2 determinant, Chapter 7).

4. c+3d =14and 2c +d = 8. Solving: d =8 —2¢,soc+24 — 6¢c = 14, —5c = —10,c =2,d = 4.
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Systems of Linear Equations

Strang calls solving Ax = b the fundamental problem of linear algebra, and the course is organised
around it. This chapter sets up the problem three ways — as intersecting rows, as combining
columns, and as a single matrix equation — and shows why the column picture is the one that
generalises. Understanding the difference between the row and column pictures is the single
highest-yield idea in the first half of the course.

. . .STRANG | 6th ed.
Strang §1.3 (“Matrices and Column Spaces”) and §1.4; the row/column picture dlSCUSSlGOI“l i

Lecture 1. Assignment 01 Q1 and Q3 are direct applications of §1.3.

2.1 Linear equations

Definition 2.1 Linear equation

An equation in the unknowns xy, . .., x, is linear if it can be written
aix1 +axxy+---+apx, =b

with constants ay,...,a, (the coefficients) and b (the constant term). Every unknown
appears to the first power only, multiplied by a constant, and never multiplied by another

unknown.

Linear Not linear

x+2y+z=5 xy =1 (product of unknowns)
x=3 x2+y:0 (power % 1)
x+y+z4+w=-8 VX+y=2

0x14+0xp, =0 sinx +y =0
nxl—ﬁxzze 1/x+y=4

The coefficients may be any real numbers — including irrational ones. “Linear” constrains
how the unknowns appear, not the constants.

11



Definition 2.2 System of linear equations

A system of m linear equations in n unknowns is

apx1 + apxy 4o+ apx, = b
anxi1 —+ apxo +---4+ awux, = b
Am1X1 + X2 +--F Xy = bm

A solution is a list (x1, ..., x,) satisfying all m equations at once. The solution set is the set
of all solutions. The system is consistent if the solution set is non-empty and inconsistent
otherwise. If every b; = 0 the system is homogeneous.

Worked Example 2.1 + Lecture 1 — the ice-cream problem

Saman buys two ice creams and two drinks for Rs. 300. Kamala buys two ice creams and
one drink for Rs. 200. Find the price of each.

Let x be the price of an ice cream and y the price of a drink:

2x 4 2y = 300
2x 4+ y =200

Subtracting the second equation from the first eliminates x and gives y = 100; back-
substituting, 2x + 100 = 200, so x = 50.

Notice what happened: one equation (2x + 2y = 300) was not enough to determine two
unknowns — it has infinitely many solutions. Adding a second, genuinely new equation
pinned the answer down. This is the entire subject in miniature: how many independent
equations do you need, and what happens when you have too few or too many?

2.2 The row picture

Definition 2.3 Row picture

In the row picture, each equation is read as one geometric object — a line in IR?, a plane in
R3, a hyperplane in R” — and the solution set is the intersection of all of them.

2.2.1 Two equations in two unknowns

Take the system
x—2y=1
2x+ y=7

Each equation is a line; the solution (3, 1) is where they cross.

12



x—2y=1

/ N Yy =7
(a) one solution (b) no solution (c) infinitely many
lines cross once parallel, never meet same line twice

Figure 2.1: The row picture in R?. Two lines in a plane must either cross once, be parallel and distinct, or
coincide. There is no fourth possibility — which is why a linear system has 0, 1, or infinitely many solutions
and never exactly two.

Theorem 2.1 Trichotomy for linear systems

Every system of linear equations has exactly one of:

(i) no solution (inconsistent),
(ii) exactly one solution,
(iii) infinitely many solutions.

No linear system has exactly 2, or exactly 17, solutions.

Proof. Suppose x; # x; are both solutions of Ax = b. Forany t € R put x; = x1 + f(x2 — x7).
Then
Ax; :Ax1+t(Ax2—Ax1) = b—I—t(b—b) =D,

so every x; is a solution. Since x; — x7 # 0, distinct values of ¢ give distinct solutions — infinitely
many. Hence two solutions force infinitely many. n

The proof is worth remembering as a picture: if you have two solutions, the whole line
through them consists of solutions. Linearity means solution sets are flat — points, lines,
planes — and a flat set with two points in it has infinitely many.

2.2.2 Three equations in three unknowns

Lecture 1 works through

2x— y =0
—x+2y— z=-1
—3y+4z=4

Each equation is now a plane in R3. Three planes typically meet in a single point.

13



e solution

Figure 2.2: Row picture in R®: three planes meeting at one point. Special cases: the three planes can share a
whole line (infinitely many solutions), or form a triangular “prism” with no common point (inconsistent),
or two can be parallel.

Common Pitfall - the row picture stops being useful fast

In R3 the row picture is already hard to draw reliably — “do these three planes meet in a
point?” is not something the eye judges well. In R* and beyond it is unusable. The column
picture, next, stays manageable because it asks a question about one vector rather than
about the intersection of many surfaces.

2.3 The column picture

Definition 2.4 Column picture

Group the same system by columns instead of rows:

an app a1p by

a1 ax a2 by
X1 A -+ X7 . o I el 4 . ==

Am1 Am2 Amn Wi

In the column picture the question is not “where do these surfaces meet?” but:

Which combination of the column vectors produces b?

4

L

For the 2 x 2 system above this reads

_2] = [1] , and indeed 3
1 7

1
2

X1, Ty +1

2
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The column picture: 3aq + lay = b

Figure 2.3: Column picture for x — 2y = 1, 2x + y = 7. We walk three steps along the first column, then
one step along the second, and arrive at b. The solution (3,1) is the recipe.

Intuition « why the column picture wins

The row picture asks a question about m different surfaces in R"; its difficulty grows
with the size of the system. The column picture asks one question — “is b in the set of
combinations of these columns?” — and that question has the same shape whether n = 2 or
n = 2000. Everything that follows (column space, rank, independence, basis) is machinery
for answering it.

Worked Example 2.2 - Lecture 1 — when the columns fail

Consider
2x — y =1
—x+2y— z=1
—3y+4z=-3
Look at the columns:
2 -1 0 1
ap=|-1|, a=|21, az=|-1|, b= 1
0 -3 4 -3

First check whether the columns are independent. Try cia; + c2a; + czaz = 0:
2c1 —cr =0, —Cc14+2c —c3 =0, —3cy 4+ 4c3 = 0.

From the first, c; = 2c¢q; from the third, c3 = %cz = %cl. Substituting into the second:
—c1 +4c — %cl = %cl = 0,50 c; = 0 and then ¢; = ¢3 = 0. The columns are independent,
so their combinations fill all of R® and every b is reachable — there is exactly one solution.
Solving (by elimination, Chapter 4) gives x =1, y = 1, z = 0. Check: 1a; + 1a 4 0az =
2-1,-1+42,0-3)=(1,1,-3)=0b. v




Worked Example 2.3 « Assighment 01, Q3 — when all columns lie on one line

2 4 6
A=11 2 3
=1l =z =¥

Show all columns lie on the same line, describe C(A), and decide whether Ax = (12,6, —6)
and Ax = (1,0,0) are solvable.

Columns on one line. Write the columns:

4 6
ar= |11\, a=|2|=2a;, az=| 3 | =3a.
—1 -2 -3

All three are multiples of ay, so they all lie on the line through the origin in the direction
(2,1, —1). Only one independent direction is present, so rank A = 1.

Column space. C(A) is the set of all combinations x1a; + x2(2a1) + x3(3a1) = (x1 +
2x5 + 3x3) a1, which is just all multiples of a; — the line {#(2,1,—1) : t € R} in R3. Itis a
one-dimensional subspace, not a plane and certainly not all of IR>.

Is (12,6, —6) reachable? Yes: (12,6, —6) = 6(2,1,—1) = 64y, so it lies on the line. The
system is consistent. Solutions satisfy x; + 2x, + 3x3 = 6 — a plane’s worth of solutions,
i.e. infinitely many. Taking xo = s, x3 = t free:

6 -2 -3
x= (0| +s| 1| +t] 0], s,t € R.
0 0 1

Is (1,0,0) reachable? No. Every vector in C(A) has the form (2f,t, —t); matching the
second component forces t = 0, which gives (0,0,0) # (1,0,0). Sob ¢ C(A) and the
system is inconsistent.

2.4 Matrix form

Definition 2.5 Coefficient matrix and matrix form

Collecting the coefficients into an m x n matrix A, the unknowns into x € R"” and the
right-hand sides into b € R", the system becomes the single equation

a1 - Qi X1 by
Ax=Db where A= | : cl, x=1|:], b=
Am1 - Amn Xn b

A is the coefficient matrix. Appending b as an extra column gives the augmented matrix
[A|b], of sizem x (n+1).

16



Definition 2.6 Matrix—vector product, two readings

For A € R"™*" and x € R™:

column reading: Ax = xja; +xpa2 + - + x4, (a combination of columns)

n
row reading: (Ax); = ) a;x; = (rowiof A)-x  (alist of dot products)
j=1

Both give the same answer. The column reading is the conceptual one; the row reading is
how you compute by hand.

Column reading

ImE) _3_
Row readingl ™ |

Figure 2.4: The same product Ax computed two ways. Boxes mark what is being grouped.

Worked Example 2.4 - Tutorial 02, Q27 — writing a combination as Ax = b

Withu = (2,—-1,0),v = (—-1,2,—1), w = (0,—1,2) and b = (1,0,0), write three equations
for ¢,d, e so that cu 4+ dv + ew = b, express this as Ax = b, and solve.

Matching components gives

2c— d =1 2 -1 0 € 1
—c+2d— e=0 < -1 2 -1 dl = |0
—d+2e=0 o -1 2 e 0

A

From the third equation d = 2e. Substituting into the second: —c+4e —e = 0, s0 c = 3e.
The first then gives 6e —2e = 1,i.e. 4e =1,e = }L. Hence
c=3 d=1, e=1

Check the first equation: 2(3) -1 =3 -1 =1. v

This A is Strang’s second-difference matrix. It is symmetric, its columns are independent,
and it reappears throughout the book.
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2.5 Square systems and what can go wrong

Definition 2.7 Square, singular, nonsingular

A matrix is square if m = n. A square matrix A is nonsingular (equivalently invertible) if
its columns are linearly independent; otherwise it is singular.

Theorem 2.2 The square case

Let A be n x n. Exactly one of the following holds.

A nonsingular A singular
columns independent columns dependent
columns span all of R” columns span a lower-dimensional subspace

Ax = b has exactly one solution for every b Ax = b has no solution for some b, and infinitely
many for others

Ax = 0 only when x = 0 Ax = 0 has nonzero solutions
detA #0 detA =0

A~ exists A~1 does not exist

1 nonzero pivots fewer than n pivots

rank A = n rank A < n

This table — often called the Invertible Matrix Theorem — is assembled piece by piece over the
next several chapters. Each column is a list of statements that are all equivalent to one another.
Learn it as a single fact with many faces, not as eight separate facts.

Worked Example 2.5 « Assighment 01, Q1 — a parameter that changes everything

Let

111 by
A =11t 2|, b=|b
1 2 ¢ bs

For which t does A(t)x = b have a unique solution for every b € R3?

Unique solution for every b <= A(t) is nonsingular <= det A(t) # 0. Expanding
along the first row:

t 2
2t

1 2
1 ¢

1 ¢
1 2

det A(t) =1 — = -4)—-(t-2)+(2-1).

Simplify:
detA(t) =t —4—t+24+2—t =1 -2t =t(t —2).

So det A(t) = 0 exactly whent =0or t = 2.

t ¢ {0,2} nonsingular: unique solution for every b
t=0ort =2 singular: solvable only for special b

The full analysis of the two singular cases — including the exact conditions on by, by, b3 —
is in Appendix B, Question 1.
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Common Pitfall - “more equations than unknowns” does not mean “no solution”

A5 x 3 system can be perfectly consistent if the five right-hand sides happen to be compati-
ble; and a 3 x 5 system (more unknowns than equations) is usually but not always solvable
— if the rows are dependent in a bad way it can still be inconsistent. Count pivots, not
equations. See Chapter 9.

2.6 Exam preparation

Exam Preparation - Chapter 2

The three views of one system

View Object Question
Row m hyperplanes in R”  Where do they intersect?
Column 7 vectors in R™ Which combination gives b?

Matrix  one equation Ax =b Can A be undone?

Facts to state without hesitation

¢ A linear system has 0, 1, or infinitely many solutions — never finitely many others.
* Ax s a linear combination of the columns of A, with the entries of x as weights.

* Ax =bissolvable < b € C(A).

* A square A is nonsingular <= its columns are independent <= detA #0 <= Ax =0
forces x = 0.

Pitfalls
e Forgetting that Ax requires #columns of A = #entries of x.

* Confusing the augmented matrix [A | b] with the coefficient matrix A when computing rank —
they can differ, and that difference is inconsistency.

 Drawing the row picture in R? and trusting the drawing.
Self-check

1. Write x + 2y + 3z = 5, 2x 4 5y + 7z = 8 in matrix form. What are the sizes of A, x, b?

2. The columns of A are (1,1), (2,2), (3,3). Describe C(A). For which b is Ax = b solvable?
3. If Ais4 x 6, can Ax = b have exactly one solution? Why?
4

. Give a system of three equations in three unknowns that is inconsistent even though no two of

the planes are parallel.

Answers

1. A=[123]is2x3,x € R% b= (58) € R%

2. All three columns are multiples of (1,1), so C(A) is the line {#(1,1)} in R2. Solvable exactly
when by = by.

3. No. With 6 unknowns and at most 4 pivots there are always at least 2 free variables, so any
solution comes with infinitely many others. It is 0 or co, never 1.

4. x+y=0,y+z=0,x—z=1. Adding the first two and subtracting the third gives 0 = —1. No
two normals (1,1,0),(0,1,1), (1,0, —1) are parallel, so no two planes are parallel — they form a
prism.
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Matrix Algebra

Matrices are not merely rectangular arrays of numbers — they are operations, and matrix multi-
plication is composition of operations. This chapter defines the arithmetic, catalogues the special
shapes that recur throughout the course, and explains the one property that trips everyone up:
multiplication is not commutative. The block view of multiplication introduced at the end is the
tool that makes LU, QR and the SVD readable.

Strang §1.3-§1.4 and §2.4 (“Rules for Matrix Operations”). Lecture 3 opens with matrix mgﬂﬁ!ﬁﬁga‘h%'}led'

“the row way” and “the column way”; Tutorial 01 Q1-Q4 is the drill.

3.1 Matrices, sizes and equality

Definition 3.1 Matrix

An m X n matrix is a rectangular array

a1 a4 - Aip
dap1 A --- Qp

mXxn

A= . . ) ] eR ,
Al Am2 - Qmn

with m rows and #n columns. Rows first, columns second — in the size, in the subscripts,
everywhere. Two matrices are equal iff they have the same size and a;; = b;; for all 7, j.

L

Common Pitfall - row/column order

a3 is row 2, column 3. A 3 x 5 matrix is tall-ish and wide: 3 rows, 5 columns. Getting
this backwards makes every subsequent dimension check fail, and it is the most common
source of lost marks in the first half of the course.

3.2 Addition and scalar multiplication

Definition 3.2 Addition, scalar multiple, subtraction

For A, B € R™*" of the same size and ¢ € R:

(A+B)1] :ai]-—l—b,-j, (CA),] = cajj, A—B = A—i—(—l)B
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Addition of differently-sized matrices is undefined.

Proposition 3.1 Rules

For matrices of matching sizes and scalars c, d:
A+B=B+A, (A+B)+C=A+(B+C), A+O0=A, A+(-A)=0,

c(A+B)=cA+cB, (c+d)A=cA+dA, c(dA)=(cd)A, 1A=A.

These are exactly the eight vector-space axioms of Proposition 1.1 — which tells you that R"*" is
itself a vector space, of dimension mn (Chapter 8).

Worked Example 3.1 - Tutorial 01, Q1 — basic combinations

With
A:123, B:567, C:—l 5 7,
7 8 9 3 45 5 —-6 5

compute A+ B, A—B,A+B—Cand2A — B —3C.

4 4 —4
6 8 10], A_B:[ ]

A+B=
* 10 12 14 4 4 4

ALB_co|6-(D 8-5 10-7| [7 3 3
5 18 9

10-5 12—(—6) 14—5

4|2 4 6], 3C=[_3 15 21]’

14 16 18 15 —-18 15

2-5—(=3) 4-6-15 6—7—21]_[0 ~17 —22]

2A—-B—-3C =
[14—3—15 16 —4—(—18) 18—-5-15 -4 30 -2

3.3 Matrix multiplication

Definition 3.3 Matrix product

Let A € R™"*" and B € R"*?. The product AB € R"*? has entries
n
(AB);; = Z ajxby; = (row i of A) - (column j of B).
k=1

The product is defined only when the inner dimensions agree:

(mxn) (nxp) = (mxp).
TT/
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(i.1)
_ ]

TOW 1

colj
|

A (m x n) AB (m x p)
B (n xp)

Figure 3.1: Entry (i, ) of AB is the dot product of row i of A with column j of B. The shared dimension n
is consumed.

3.3.1 Four ways to see the same product

Lecture 3 emphasises the “row way” and the “column way”. There are in fact four useful
decompositions, and different ones make different theorems obvious.

View Formula Makes obvious

Entry (dot) (AB);j = (row;A) - (col;B) how to compute by hand

Columns AB = [Aby Ab, --- Aby] every column of ABisin C(A)

Rows row;(AB) = (row;A) B every row of AB is in the row space of B
Outer products AB =Y}, ai (rowB) rank, and the SVD (Ch. 13)

Intuition - the column view is the one to internalise

AB = [Ab; --- Ab,] says: to multiply by B, apply A to each column of B separately. Two
consequences follow with no further work — C(AB) C C(A), and rank(AB) < rank(A).
Both are used constantly later.

Worked Example 3.2 - Tutorial 01, @3 — verifying A(B+ C) = AB + AC

50 3
Leftside. First B+ C = |3 1 2|, then
0 3 3

111][5 0 3 8 4 8
AB+C)=10 2 1| (|3 1 2| =16 5 7
101|033 53 6

For instance the (1,1) entry is 1(5) + 1(3) + 1(0) = 8 and the (2, 3) entry is 0(3) +2(2) +
1(3) =7,
Right side.

AB =

o O =
o = O
= O O

1
- — compute directly: AB = |0
0

S = O

0
0f,
1
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since row 1 of A dotted with columnlof Bis2+1—2 =1, withcolumn2is—1+0+1 =0,
with column 3is —1 — 1 +2 = 0; and similarly for the other rows. (So B = A~! —a pleasant
accident of this exercise.) Next

11 1[(3 1 4 7 4 8
AC=10 2 1| (2 1 =16 4 7
10 1) (2 21 535
Adding,
100 7 4 8 8 4 8
AB+AC= 101 0| +|6 4 7| =1|6 5 7| =A(B+C).V
0 01 5 3 5 53 6
3.3.2 The rules — and the one that fails
Whenever the sizes make the products defined:
(AB)C = A(BC) associative
A(B+C)=AB+AC, (A+B)C=AC+BC distributive
c(AB) = (cA)B = A(cB) scalars slide
I.A=A=AI, identity
(AB)T =BTAT transpose reverses

But in general

Matrix multiplication is not commutative.

Proof of associativity. Compare entry (i, £) of each side:

((AB)C)M = Z(AB)ZJC]g = Z(;aikbk]) C]‘g = ;Zaikbk]@j(,
]

] ]
(A(BC)),, = Y aiw(BC)re = Y _ai (Z bkjcj£> =YY apbicje-
k k i Kk j
The two double sums are identical, so the matrices are equal. [ |

Worked Example 3.3 « Lecture 3— AB # BA

2 01
4] and B = [1 0] (a row swapper).
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AB swapped the columns of A; BA swapped the rows. These are genuinely different
operations, so of course the answers differ.

Worse, the product can fail to exist in one order. If Ais2 x 3 and Bis 3 x 4 then ABis2 x 4
but BA is undefined.

Common Pitfall - three consequences of hon-commutativity

e (A+B)?>= A%+ AB+ BA + B?, not A2 +2AB + B2

e (AB)"' =B 1A 'and (AB)T = BT AT — the order reverses. Think of putting on socks
then shoes: to undo, take off shoes then socks.

* AB = O does not imply A = O or B = O. Example: [{3] [39] = [39]. Likewise
AB = AC does not let you cancel A unless A is invertible.

Worked Example 3.4 - Tutorial 01, Q4 — solving matrix equations

2 — 7
(a) Solve ; + 5 _Z _Zx] = E 0] for x,y,z.
(b) With A = 31 ;L],B: [ 3 i],findeichX—i—B:BA.

(a) Equating entries one at a time:

(1,1): x+2—y=3 (1,2): 34+z=7
(2,1): z42—-2z=2 (2,2):2—x=0

The (1,2) entry gives z = 4. The (2,2) entry gives x = 2. Then (1,1) gives2+2 —y = 3,
soy = 1. The (2,1) entry reads 2 = 2 — automatically satisfied, carrying no information.
Answer:x =2, y=1, z=4.

(b) Rearranging, X = 3(3A — B). Now

a0 2] g, p_[9-3 12-2] [e 10]
3 6 341 6-2 2 4
6 10 3 5
X=3 _2 4]: -1 2|°
Check:2x+B= | & 0143 2|7 12| 54,
2 4 -1 2 8 @

3.4 Special matrices

These shapes recur constantly; recognising one immediately tells you something.
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Name Condition Why it matters

Zero matrix O alla;; =0 additive identity

Identity I, a; =1,else 0 IA=AI=A

Diagonal D aj=0fori#j powers and inverses are trivial

Upper triangular U ajj=0fori>j what elimination produces

Lower triangular L aj=0fori <j records the elimination multipliers
Symmetric S sT =35 real eigenvalues, orthogonal eigenvectors
Skew-symmetric AT =—-A zero diagonal; rotations” generators
Permutation P rows of [ reordered p~l=pT

Orthogonal Q Q'Q=1 preserves lengths and angles

Proposition 3.2 Diagonal matrices are easy

If D = diag(dy,...,d,) then
DF = diag(dt,...,d~),  D7!=diag(d;},...,d,") ifalld; #0.

Also, DA scales the rows of A (row i by d;), while AD scales the columns (column j by d;).

Worked Example 3.5 - Tutorial 04, Q4 — powers of a diagonal matrix

Let A = diag(1,—3,2). Find A~!, A>and A~°.

A® = diag(1°, (—3)°,2°) = diag(1, —243,32),
AT = (A°) ! =diag(l, —5h, %) -

Note how much work diagonality saves: computing A® by repeated multiplication would
take four full matrix products. This is exactly why diagonalization (Chapter 12) is worth the
effort — it turns any well-behaved matrix into this easy case.

3.5 The trace

Definition 3.4 Trace

For a square matrix A € R"*", the trace is the sum of the diagonal entries:

n
trA=apn+ap+-+am= Zaiz’~
i=1

Proposition 3.3 Properties of the trace

For square A, B of the same size and ¢ € R:

tr(A+B)=trA+1trB, tr(cA) = ctr A, tr(AT) =tr A,
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and, remarkably,

tr(AB) = tr(BA)

even though AB # BA in general. (This also holds when A is m x n and B is n x m, so both
products are square.)

Proof of the cyclic property.

tr(AB) =Y (AB);i =Y ) aubii =) Y buag =) (BA)w = tr(BA).
A 7

i k k

Only the order of a finite double sum was changed. n

Remark - the trace resurfaces

In Chapter 11 we prove tr A = A; + --- + A, the trace is the sum of the eigenvalues.
Together with det A = A; - - - A, this gives a two-second sanity check on any eigenvalue
computation, and Tutorial 06 Q5 asks you to prove it.

Worked Example 3.6 « Tutorial 01, Q2 — traces and transposes

With
-5 2 0 5 -1 8
A=1|7 -3 4], B=|6 —-14 2},
-1 3 2 9 5 1

evaluate tr(A + B) and verify tr(AB) = tr(BA).

trA=-5-34+2=—-6andtrB=5-14+1= —8,s0otr(A+B) = —6—-8 = —14.

0 1 8
Directly: A+ B = [13 —17 6| hasdiagonal sum0—17+3 = —14. v
8 8 3

For tr(AB) we only need the three diagonal entries of AB:
(AB)11 = (=5)(5) + (2)(6) + (0)(9) = —25+12+0 = —13,

(AB)2 = (7)(=1) 4+ (=3)(—14) + (4)(5) = =7+ 42+ 20 = 55,
(AB)z3=(-1)(8) +(3)(2) + (2)(1) = -8+6+2=0.
So tr(AB) = —13 + 55 + 0 = 42. Similarly for BA:

(BA)11 = (5)(=5) + (=
(BA)x = (6)(2) + (—14)(—3) + (2)(3) = 12+ 42+ 6 = 60,

(BA)ss = (9)(0) + (5)(4) + (1)(2) = 0+20+2 = 22.
tr(BA) = —40 4 60 +22 = 42 = tr(AB). v

(=1)(7) + (8)(=1) = —25—7 — 8 = —40,
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3.6 Block multiplication

Definition 3.5 Block (partitioned) matrices

A matrix may be cut into rectangular blocks. If the cuts are compatible — the column cuts
of A match the row cuts of B — then blocks multiply by the same rule as entries:

A A
Ay Ap

A11B11 + ApBa1r AuBio + A12Bx»

By1 B AnBii+ AnBy AnBip+ AnBxn|

Bi1 312] _

Order matters inside each product, since the blocks are matrices.

Special cases you have already used without naming them:

Partition What it gives

B split into single columns AB = [Ab; --- Ab,]

A split into single rows rows of AB are rows of A times B

A by columns, Bby rows  AB = Y ; ay(rowyB) — outer products
[A|Db] the augmented matrix of Chapter 4

[A]T] the Gauss—Jordan inverse tableau (Chapter 5)

Worked Example 3.7 - Outer-product form and rank

1
Compute [3 as a sum of outer products, and read off its rank.

Write A = a1 + apr, where a; are the columns of the left factor and r; the rows of the

right. Taking A = H 1 2| directly:

R R

A is a single outer product — a column times a row — so rank A = 1. Every rank-one
matrix has exactly this form uv", and the SVD (Chapter 13) writes any matrix as a sum of r
such pieces, ordered by importance.

= A.

3.7 Exam preparation

Exam Preparation - Chapter 3

Dimension bookkeeping
(mxmn)(nxp)=(mxp).
Before every product, write the two sizes down and check the inner pair matches. Most computa-

tional errors are caught here for free.
Rules that hold

(AB)C = A(BC), A(B+C)=AB+ AC, (AB)T =BTAT, tr(AB) = tr(BA).
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Rules that fail

AB # BA, (A+B)? # A2+ 2AB + B?, AB=0# A=0orB=0.
Pitfalls
* Cancelling: AB = AC gives B = C only if A is invertible.

e Reversing order in (AB)T and (AB)~! — forget the reversal and every subsequent line is wrong.
e Trace is defined only for square matrices, and tr(ABC) = tr(BCA) = tr(CAB) but not tr(ACB).

Self-check

1. Ais3 x4 and Bis4 x 2. Which of AB, BA, ATBT, BT AT are defined, and what are their sizes?
2. Find a 2 x 2 matrix A # O with A2 = O.

3. If Ais m x n, what size is AT A? What size is AAT? Are they equal?

4. Find a solution X € R2*2 of X? —2X = [’61 g] ) [Tutorial 01, Q4(c)]

Answers
1. ABis3 x 2. BA is undefined (2 # 3). ATBT is undefined (4 x 3 times 2 x 4). BTAT is2 x 3 —
and equals (AB)T.

2. A=[3}]. Then A? = O although A # O: matrices can be nilpotent.

3. ATAisn x n; AAT is m x m. They are different sizes unless m = n, and even then usually
unequal — but both are symmetric, and (Ch. 13) they share the same nonzero eigenvalues.

4 Try X = [¢9]. Then X2 —2X = [ 2 % |. Matching: a> —20 = —1 gives a = 1;
d*> —2d =3 givesd =3 ord = —1; taked = 3, thenc(1+3 —2) =6 givesc =3.So X = [1]].

(Solutions are not unique — matrix “square roots” rarely are.)
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Elimination and Back Substitution

Elimination is the algorithm that turns a system into a triangular one you can solve by inspection.
It is completely mechanical, it works for any size, and — crucially — the record it leaves behind
(the multipliers, the pivots, the row exchanges) contains almost everything you will later want to
know about the matrix: its rank, its determinant, its factorization A = LU, its four subspaces. This
chapter covers Gaussian elimination, back substitution, echelon forms, Gauss—-Jordan, and the two
ways elimination can break down.

Strang §2.1-§2.3 (“Elimination”, “Elimination Using Matrices”, “Rules for Matrix Operaﬂgﬁgﬁ) g
§2.6 for A = LU. This is Lecture 3 and the second half of Tutorial 04.

4.1 The idea

Solving 2x + 3y = 8, 4x + 7y = 18 is hard because both unknowns appear in both equa-
tions. Subtract 2 x (first) from (second) and x vanishes from equation two, leaving y = 2
immediately. Elimination is nothing more than doing that systematically, one variable at a
time, until the system is triangular — at which point the last equation has one unknown,
the second-to-last has two (one already known), and so on backwards.

Definition 4.1 Elementary row operations

There are exactly three, and each is reversible:

Type Notation Inverse operation

Replacement R; — R; —¥¢R; (i #j) R; — R; +(R;
Interchange  R; <> R; itself
Scaling R; = cR; (c #0) R; — 1R,

Theorem 4.1 Row operations preserve the solution set

If [A’ | b'] is obtained from [A | b] by a sequence of elementary row operations, then
Ax = b and A’x = b’ have exactly the same solutions. Such systems are called row
equivalent.

Proof. It suffices to check one operation, since a sequence is a composition. If x satisfies every
equation of the original system, it satisfies any linear combination of them — in particular the
combination (eqn i) — ¢(eqn j). So every solution of the old system solves the new one. Because
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each operation is reversible (right-hand column of the table), the same argument run backwards
shows every solution of the new system solves the old. Hence the solution sets coincide. n

Common Pitfall - the operation must be reversible

R; — 0- R, is not allowed: it destroys information and can turn an inconsistent system
into a consistent one. Similarly R; — R; — ¢R; (using the same row) is forbidden. Always
subtract a multiple of a different row.

4.2 Gaussian elimination

Definition 4.2 Pivot, upper triangular form

Working left to right, the pivot in each step is the first nonzero entry of the current row, in
the column being cleared. A matrix U is upper triangular if #;; = 0 wheneveri > j — all
entries below the main diagonal are zero.

Gaussian elimination uses row replacements (and row exchanges when needed) to convert
A into an upper triangular U, carrying b along to become c:

[A|b] — [U] ], Ax=b < Ux=c.

Method Gaussian elimination

Forj=1,2,... (columns):

1. Find the pivot: the entry in column j at or below the current pivot row. If it is zero,
exchange with a lower row that has a nonzero entry there. If the whole column below is
zero, move to the next column (this column has no pivot).

2. For each row i below the pivot row, compute the multiplier

, entry to eliminate
ij =

pivot
and apply R; = R; — £;iRpivot-

3. Move down one row and right one column; repeat.

Never divide by a pivot of zero. Record every /;; — they are the entries of L in the
factorization A = LU.

Definition 4.3 Back substitution

Once Ux = c is triangular, solve upwards: the last equation gives x, directly; substitute into
the second-to-last to get x,,_1; and so on. Explicitly,

1
xi:—<Ci—Z”ijxj>r i:n,n—l,...,l.

Uii j>i
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Worked Example 4.1 « Tutorial 04, Q12(a) — Gaussian elimination end to end

Solve
x+2y+ z=0

2x+3y+3z=10
3x— y+2z=14

Augmented matrix.

1 2 1]o0
[Alb]=|2 3 3|10
3 -1 2|14

Step 1 — clear column 1. Pivot = 1 in position (1,1). Multipliers ¢;; = 2/1 = 2 and
31 =3/1=3:

1 2 1
R2—>R2—2R1 b
R; — R; — 3R 0 -1 1110
3 3 ! 0 —7 —1]|14

Step 2 — clear column 2. Pivot = —1 in position (2,2). Multiplier {3, = (=7)/(—1) = 7:

1 2 1 0
R3 -+ R3—7R, — 0 -1 1 10 =[U]|c]
0O 0 -—-8|-56
The pivots are 1, —1, —8 — all nonzero, so the solution is unique.
Back substitution.
—8z=-56 = z=7.
—yY+z=10 = —y+7=10 = y= 3.
x+2y+z=0=x—-6+7=0= x=—1.

Answer: (x,y,z) = (—1,—3,7). Check in the third original equation: 3(—1) — (—3) +
2(7) = —3+3+14=14. v

— — ° pivots

A after col 1 u

Figure 4.1: Elimination clears one column at a time, below the diagonal. What survives on the diagonal are
the pivots; their number is the rank and their product (up to sign) is the determinant.

4.3 Elimination as matrix multiplication

Every row operation is itself a matrix. This is the observation that turns elimination from an
algorithm into a factorization.
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Definition 4.4 Elementary matrices

E;;(£) denotes the identity with an extra —/ in position (i,). Multiplying on the left
performs R; — R; — ¢R;. For 3 x 3:

1 0 100
En(()=|—¢ 1 0|, Ex(0)'=|¢ 1 0| =Exn(-0).
00 1

0 0

o = O

Similarly P;; (the identity with rows i,j swapped) performs a row exchange, and D;(c)
scales row i.

Common Pitfall - left multiplies rows, right multiplies columns

E A performs a row operation on A. AE performs a column operation. Elimination is always
left multiplication.

Theorem 4.2 The LU factorization

If Gaussian elimination on a square A requires no row exchanges, then

where U is the upper triangular result and L is lower triangular with 1s on the diagonal, whose
(i,j) entry for i > jis exactly the multiplier /;; used to clear position (i, j).

Why L holds the multipliers. Eliminationis Ey - - - E;E1A = U, s0 A = (E¢--- E)'U = E; 'E; - E UL

Each E;;(¢)~! is the identity with 4+ in position (i, j), and — this is the small miracle — when
these are multiplied together in this particular order the ¢’s do not interact: they simply drop into
their own slots. So L = E;! - - - E; ! has ¢;; in position (i, j) and nothing else off the diagonal. W

Worked Example 4.2 - LU for the example above

In Worked Example 4.1 the multipliers were ¢»; = 2, £3; = 3, {3, = 7. Hence

1 2 1 1 0 0] (1 2 1
A=12 3 3| =121 0|0 -1 1
3 -1 2 3 7 110 0 =8

L u

Verify the (3,2) entry of LU: row 3 of Lis (3,7,1), column 2 of U is (2,—1,0), and 3(2) +
7(—=1)+1(0) =6 -7 = —1. vV And the (3,3) entry: 3(1) +7(1) + 1(-8) =3+7—-8=2. v

Why bother? Because once you have L and U, solving Ax = b for a new b costs two
triangular solves instead of a fresh elimination:

Lc = b (forward substitution), Ux = ¢ (back substitution).

Elimination costs about 7 operations; each triangular solve costs about n%. For repeated
right-hand sides the saving is enormous.
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4.4 When elimination breaks down

Definition 4.5 Temporary and permanent breakdown

A zero appears in the pivot position. Two cases:

¢ Temporary breakdown: some row below has a nonzero entry in that column. Exchange
rows and continue. The matrix may still be nonsingular.

¢ Permanent breakdown: the whole column below is zero. No exchange helps; this
column has no pivot. If A is square it is singular.

Worked Example 4.3 - Both kinds of breakdown

(a) Temporary.
0 21 1 1 1 1 1 1
A=|1 1 1] D28 o 2 1] BB 1y
21 3 21 3 0 -1 1
R3 — Ry + iR L
— 27 1o 2 1
00 3
Three pivots 1,2, %: nonsingular after all.
(b) Permanent.
1 2 3 1 2 3 1 2 3
A= |2 4 g| B2 B-Ro g g 2] 2R g 0 2
1 2 5 00 2 0 0O

Column 2 has nothing to pivot on — the whole column below the first row is zero, and no
exchange can fix it. Only 2 pivots, so rank A = 2 < 3: singular. Column 2 is 2x column 1,
which is the dependency causing it.

Theorem 4.3 PA = LU

For any square matrix A there is a permutation matrix P (a reordering of the rows of I) such
that
PA =LU

with L unit lower triangular and U upper triangular. P records the row exchanges made
during elimination. Permutation matrices satisfy P~! = PT.

Remark - partial pivoting

Numerically one exchanges rows even when not strictly necessary, always choosing the
largest available entry as pivot. This is partial pivoting; it keeps the multipliers |¢;;| < 1
and stops rounding errors from being amplified. Every serious linear-algebra library does
this, and it is why A\b in Octave/MATLAB is reliable where naive elimination is not.
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4.5 Echelon forms

Definition 4.6 Row echelon form (REF)

A matrix is in row echelon form if:
(i) all zero rows are at the bottom;
(ii) the leading (leftmost nonzero) entry of each nonzero row — the pivot — is strictly to
the right of the pivot in the row above.

The columns containing pivots are the pivot columns (Tutorial 04 calls them basic columns);
the others are free columns.

Definition 4.7 Reduced row echelon form (RREF)

R is in reduced row echelon form if it is in REF and moreover:
(iii) every pivot equals 1;

(iv) each pivot is the only nonzero entry in its column — cleared above as well as below.
The RREF of a matrix is unique; the REF is not.

Row echelon form Reduced row echelon form
° 1 0
0
all zeros| o 1
] 1
pivots step right and down pivots are 1, alone in their column

Figure 4.2: Echelon forms. Gaussian elimination stops at REF; Gauss—Jordan continues to RREF.

Worked Example 4.4 - Tutorial 04, Q10(a) — REF and RREF

To REE Pivot 1 at (1,1); by =2,03 =3:

1211 1211 1211
2 4 2 o| B RSHg g g o 228 10 0 0 1
36 3 4 000 1 0000

Pivots sit in columns 1 and 4, so rank A = 2; columns 2 and 3 are free.
To RREF. The pivots are already 1. Clear above the second pivot: Ry — Ry — Ry:

1210
R=10 0 0 1
0000
Reading off the free columns: column 2 is 2xcolumn 1 and column 3 equals column 1.

Those relations hold in the original A too — row operations never change the dependencies
among columns. Indeed in A: column 2 = 2-column 1 v'and column 3 =column 1 v".
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Intuition - what RREF tells you at a glance

From R alone you can read: the rank (number of pivots), which columns are independent
(the pivot columns), how each free column depends on the pivot columns (its entries are the
coefficients), and the complete solution of Ax = 0. Chapter 9 makes each of these precise.

4.6 Gaussian versus Gauss—Jordan

Gaussian elimination Gauss-Jordan elimination
Stops at row echelon form U reduced row echelon form R
Clears below each pivot only below and above each pivot
Pivots left as they are scaled to 1
Finish with back substitution nothing — read the answer off
Cost (n x n) ~ ind ~ in’
Best for solving one system; LU finding A~!; RREF theory

Worked Example 4.5 - Tutorial 04, Q13(b) — Gauss—Jordan on a dependent system

Solve
X+2y—3z=2
6x+3y—9z2=06
7x +14y — 21z =13
1 2 -3 |2 1 2 3|2
6 3 9|6 | BBy 9 9 |6
7 14 -21 |13 0O 0 0 |-1
The last row reads Ox + 0y 4 0z = —1, i.e. 0 = —1. The system is inconsistent — there is

no solution.

Note how elimination detects this automatically: a pivot appears in the augmented column.
In rank language, rank A = 2 but rank[ A | b] = 3, and

rank[A | b] > rank A <= inconsistent.

Geometrically, the third plane is parallel to (but offset from) the plane formed by the first
two, since 7-row; = (7,14, —21) matches the left-hand side of row 3 but 7 -2 = 14 # 13.

Worked Example 4.6 - Tutorial 04, Q13(a) — Gauss—Jordan with a free variable

Solve
2xy +3x3 —4x4 =1
2x3+3x4 =4
2x1 +2xp —5x3+2x4 =4
2x1 —6x3+9x4 =7
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Order the rows so a pivot appears in column 1:

2 2 -5 2 |4 2 2 -5 2 |4
2 0 -6 9 |7 R, — Ry 0O 2 -1 7 |3
—
02 3 —4|1 0 2 3 —4|1
00 2 3 |4 0 O 2 3 |4 |
2 2 -5 24 2 2 -5 24
R3+ Ry 0 -2 -1 713 R4 — Ry 0 -2 -1 713
— —_—
0 O 2 3|4 0 O 2 3|4
0 O 2 3|4 0 0 0 00

Three pivots (columns 1, 2, 3), one free variable (x4). Continue to RREF: scale to make pivots
1 and clear upward.

11 -2 1|2
Ri/2,Ry/(-2),Rs/2_ | 0 1 & 2|3
00 1 3|2
00 0 010
110 |7 100 9 |2
Re—iRs Rtk | 0 1 0 —3147 32| R-R_ |0 10 —3¥ —32
001 3 |2 001 3 |2
000 010 000 0|0

19
2 -9
_5 17
x = 2| 4t 43 , teR
2 —32
0 1

The first vector is a particular solution (t = 0); the second spans the null space. This “particular
+ null” structure is the subject of Chapter 9.

4.7 Systems with parameters

Exam questions very often attach a parameter to one entry and ask for which values the system
has 0, 1, or oo solutions. The method is always the same: eliminate as usual, then look at the last
pivot.

Method Parameter problems

1. Eliminate normally, treating the parameter as a symbol. Never divide by an expression that
could be zero without splitting into cases.

2. You will reach a last row of the form (0 0 « | B).
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3. Then:

* a # 0: unique solution.
* o =0and B # 0: no solution.
¢ & = 0and B = 0: infinitely many solutions.

Worked Example 4.7 - Tutorial 04, Q11(b) — full case analysis

Find « and B for which
3x+ y—6z=-10
2x+ y—5z= -8
6x —3y+az =

has (i) no solution, (ii) a unique solution, (iii) infinitely many.

3 1 —6|-10] . . [3 1 -6]-10
2 1 -5| -8 r s s le b -1 | -4
6 -3 a | B 0 —5 a+12|B+20

Now /3, = (=5)/(}) = —15,50 R3 — R3 + 15Ry:

1 —6 —10 1 -6 |10
1 4 _ 1 4
3 —1 —3 = 3 —1 |3
0 a+12-15|B+20—-20 0 «a—3| B
Applying the recipe to the last row (00« — 3 | B):
Case Condition Outcome
(ii) unique w« #3 one solution, any
(i) none «=3and B # 0 inconsistent
(iii) oo x=3and f =0 one free variable
In case (iii), back-substituting with z = t free gives %y = —% +t,soy = 3t —4, and

3x=—10—y+62=—10— (3t —4) 4+ 6t =3t — 6,50 x = t — 2:

-2 1
x=|—4| +t|3
0 1

Worked Example 4.8 - Tutorial 04, Q11(a) — a consistency condition

Show that 2x +y + 3z = a, 2x + 6y + 8z = b, 6x + 8y + 14z = c has no solutions unless
c=2a+b.
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2 1 3 a 2 1 3 a
R 1y 5 5 b—a —1055| b—a
0 0 0|lc—3a—(b—a) 0 0 0[c—2a—0b

The last row says 0 = ¢ — 2a — b. Unless ¢ = 2a + b this is a contradiction and there is no
solution. When ¢ = 2a + b the row is 0 = 0 and, with only two pivots, there is one free
variable — infinitely many solutions.

Column-space reading. C(A) is the plane {(a,b,c) : c =2a+b}inR3ie.2a+b—c=0
with normal (2,1, —1). The system is solvable exactly for b € C(A) — which is what the
algebra just told us.

4.8 Exam preparation

Exam Preparation - Chapter 4

The algorithm in one line

[A|b] S8, o] — 2K Ly or [A]b] MM 1R 4] read off.
clear below substitute up

Diagnosing the outcome from the echelon form

Seenin [U | c] Rank condition Conclusion
row (0 --- 0| nonzero) rank[A|b] >rank A no solution

n pivots, no bad row rank A =n unique solution
< n pivots, nobad row rankA <n o0 many;

n — rank A free variables

Facts
* Number of pivots = rank A. Number of free variables = n — rank A.

* RREF is unique; REF and L, U depend on the order of operations.
e det A = +(product of pivots), sign = (—1)#ow swaps,

* Row operations change the column space but never the dependencies among columns.
Pitfalls
e Dividing by a parameter without checking it is nonzero. Split into cases first.

¢ Forgetting to carry b through the operations.
* Treating a 0 = 0 row as a contradiction (it is not) or a 0 = 5 row as a free variable (it is not).

* Writing L with the multipliers negated. L stores +/;;, even though the operation subtracted.
Self-check

1. Solve x —2y +z =0,2x — 7y — 3z = 5, 4x — 7y 4+ z = —1 by Gaussian elimination. [Tutorial 04,
Q12(b)]

2. Factor A = [21]as LU.

3. A 4 x 6 matrix has 3 pivots. How many free variables does Ax = 0 have? Can Ax = b be

inconsistent?
4. Show A = [ %9 sinfl and B = [§ 0] are row equivalent. [Tutorial 04, Q3]
Answers
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. Eliminating: R, — 2R, gives (0, —3, —5 | 5); R3 — 4R, gives (0,1, —3 | —1); then R3 + 3R, gives
0,0,-%12).S0z=-%,y=1%1-5-5-1)-(-1)... carefully: -3y —5z=5= —3y+35 =
S=y= —?;thenx =2y —z= —? +% = —%. Solution (—E = —1).

Uy =6/2=3,50U = [2}]and L = [19]. Check: LU = [2}].v/

3. 6 — 3 = 3 free variables. Yes it can be inconsistent: with 4 rows and only 3 pivots, one row of U is

zero, and if the corresponding entry of c is nonzero the system fails.

. A is invertible (det = cos? +sin?> = 1) and so is B (det = 1). Any two invertible matrices
of the same size are row equivalent, since both reduce to I. Concretely, Ry — R;/ cosf then
Ry = Ry +sin6 Ry turns Ainto [} . ejzir}fe erad) = {(1) 1}6‘;})29 ] , and scaling R, by cos 6 gives B.
(Requires cos 6 # 0.)
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Inverse Matrices

If A describes an operation, A~! undoes it. This chapter defines the inverse, proves it is unique
when it exists, gives the Gauss—Jordan algorithm for computing it, and — most importantly —
catalogues the many equivalent ways of saying “A is invertible”. A warning up front: A~ !isa
wonderful theoretical object and a poor computational one. Lecture 3 says it bluntly: do not compute
A~! when all you want is to solve Ax = b.

Strang §2.5 (“Inverse Matrices”) and §2.6. Lectures 3 and 5; Tutorial 04 Q1, Q4, Q5, Q8 ancf ]il?ﬁ'(\l)%é‘i g5
Q2 are the drill.

5.1 Definition and uniqueness

Definition 5.1 Inverse matrix

A square matrix A € R"*" is invertible (or nonsingular) if there exists a matrix A~! € R"*"
with
AAT'=1 and A'A=1I

A~lis the inverse of A. If no such matrix exists, A is singular.

Proposition 5.1 The inverse is unique

If A has an inverse, it has only one.

Proof. Suppose B and C both satisfy AB = BA = and AC = CA = I. Then
B =BI=B(AC) = (BA)C=IC=C.

Only associativity was used. n

Remark - one-sided inverses suffice — for square matrices

For square A it is in fact enough to check one of the two equations: if AB = I for square
A, B then automatically BA = I. This fails for rectangular matrices, where a matrix can
have a left inverse but no right inverse (or vice versa) — see Chapter 10 on pseudoinverses.
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5.2 The 2 x 2 formula

Theorem 5.1 Inverse of a 2 X 2 matrix

? Z] . Then A is invertible if and only if det A = ad — bc # 0, and in that case

1 d —b
ATl =
ad — bc [—c a ]

— swap the diagonal entries, negate the off-diagonal entries, divide by the determinant.
Proof. Direct multiplication:

1 a bl |d —-b| 1 ad —bc —ab+ab| |1 O
ad—bc |c d| |—c a| ad—bc|cd—cd —cb+ad| |0 1|
Conversely if ad — bc = 0 then the columns (4, ¢) and (b, d) are proportional (Tutorial 02 Q1), so
they are dependent and A is singular. [

Let A =

c

Worked Example 5.1 - Tutorial 05, Q2(a) — verifying an inverse

Ag— 2 3| |% 3| _|-8+9 6-6|_|10|_

3 4|3 -2 |-12+12 9-8| |0 1|

pa_ |74 3| (23| _|-8+9 —12+12| _ |1 0| _
3 —2|/|3 4 6—6 9-8 0 1

Both products give I, so B= A"1. v
Consistency check with the formula: det A =2(4) —3(3) =8 -9 = —1,s0

A—l—i4_3—_43—3/
-1 |-3 2| |3 -2 7

5.3 Gauss—Jordan: computing A !

The columns of A~ are the solutions of n systems at once: Ax; = e;j for j =1,...,n. Rather
than eliminating 7 separate times, augment A with the whole identity and eliminate once.

Method Gauss—Jordan inversion

1. Form the n x 2n block [A | I].
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2. Row reduce all the way to reduced row echelon form.

3. If the left block becomes I, the right block is AL

[A]1] — [1] A7,

4. If at any stage a row of the left block becomes entirely zero, stop: A is singular and has
no inverse.

Why this works. Row reduction is left multiplication by some invertible M (the product of the
elementary matrices used). Applying it to the block gives [ MA | MI] = [MA | M]. If the left
block reaches I then MA = I,so M = A~!, and the right block — which holds M — is exactly
AL

Worked Example 5.2 « Tutorial 04, Q5(a) — inversion by elimination

Step 1. R; — Ry — R (a convenient trick: it makes the first pivot 1 without fractions):

1 0 0|1 -1 O
2 =3 4]0 1 0
0O -1 1/0 0 1
Step 2. R2 — Rz — 2R12
1 0 0,1 —-10
0 -3 4(-2 3 0
0 -1 1|0 0 1
Step 3. Ry <+ R3, then R3 — R3 — 3Ry:

1 0 0/1 -1 0 1 0 0|1 =1
0 -11/0 0 1|—=]0-11]0 0 1
|0 -3 4/-2 3 0 0 0 1|-2 3 -3|
Step 4. R, — Ry, — R3, then Ry — —Ry:
1 0 0|1 -1 o0 100[1 -1 0 ]
0 -10/2 -3 4 |—=]|010[-2 3 —4
0 0 1|-2 3 -3 001[-2 3 -3
Hence
1 -1 0
Al=1|-2 3 —4
-2 3 -3

Check. Row 2 of A times column 1 of A~': 2(1) + (=3)(=2) +4(-2) =2+6—8 =
0. vRow 3 times column 3: 0(0) + (—1)(—4) +1(-3)=4-3=1. v
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Worked Example 5.3 « Lecture 5 — detecting a singular matrix

1 2
2 4|

1 2|1 0 Ry — 2R, 1 2|1 0
e

2 4/0 1 0 021
The left block now has a zero row and can never become I. A is singular. The reason
is visible in the original: column 2 is 2xcolumn 1, so the columns are dependent, and
detA=1(4) —2(2) =0.
The bottom row also reads 0 x; + 0 x, = —2 for the first system — an outright contradiction,
confirming Ax = e; has no solution.

Attempt to invert A =

Worked Example 5.4 - Tutorial 04, Q1 — recovering unknown entries

Use AA~! = I and pick the two cheapest entries.
The (1,1) entry of AA~*: row 1 of Ais (1,1,1), column 1 of A~!is (a,1,—1):

1.a4+1-141-(-1)=a=1 = a=1.
The (2,2) entry: row 2 of A is (1,1,2), column 2 of A=t is (1,b,1):
11)+1(b) +2(1) =b+3=1 = b=—-2.

1 1 -1
SoAl=|1 -2 1

-1 1 0
Verify with a third entry. (3,3): row 3 of A is (1,2,3), column 3 of A~!is (—1,1,0):
1(=1)+2(1) +3(0) =1. v

5.4 Rules for inverses
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Theorem 5.2 Algebra of inverses

Let A, B be invertible n x n matrices and ¢ # 0 a scalar. Then all of the following are
invertible, with

(A=A

(cA)y =141

(AB) ' =B1A"! order reverses

(AN t=(AHT transpose and inverse commute
(A= (Aa)F

Proof. For the product rule, multiply out:
(AB)(B'A™Y) = ABBHA 1= AIA ' = AA ' =1,

and similarly (B~1A~!)(AB) = I. By uniqueness, (AB)~! = B~ 1A~
For the transpose rule, take transposes in AA~! = I. Using (XY)T = Y"XTand I" = I:

(Ail)TAT — I,

so (A~1)T is a left inverse of AT; the same argument on A~!A = [ gives it as a right inverse.
Hence (AT)"1 = (A-1)T. [

Common Pitfall - the order reversal

(AB)~! = B7A~1, not A='B~!. The socks-and-shoes image: to undo “socks then shoes”
you must do “shoes off, then socks off”. The same reversal appears in (AB)T = BTAT.
Marks are routinely lost here.

Also note that A + B invertible does not follow from A, B invertible: I and —1I are both
invertible but I + (—I) = O is not. There is no useful formula for (A + B) 1.

Worked Example 5.5 - Powers and negative powers

,

For A = diag(1, —3,2) (Tutorial 04 Q4), the rules give
AT = (A1 = (AT1)° = diag(17°,(=3)7",27°) = diag(1, — 55, 3) ,
1

matching the direct computation in Chapter 3. Both routes agree because (A¥)~! = (A~1)k.

5.5 Triangular and diagonal inverses

Proposition 5.2 Structure is preserved

e D = diag(ds,...,d,) is invertible iff every d; # 0, and then D 1= diag(1/dy,...,1/d,).

* A triangular matrix is invertible iff every diagonal entry is nonzero, and its inverse is
triangular of the same kind (lower stays lower, upper stays upper).

* An orthogonal matrix Q (with QTQ = I) has Q~! = QT — no computation required at
all.
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Worked Example 5.6 - Inverse of a unit lower triangular matrix

1 0 0
SoL™'=|-2 1 0| — still unit lower triangular, as promised. But notice the entries
1 -7 1
are not simply the negatives of those of L: the (2,1) and (3,2) entries are —{5; = —2 and
—{3 = —7 as one might guess, yet

(L Y31 = —la1 + laoloy = —3+7-2=11,

picking up a product term from the two-step path 3 — 2 — 1. Fill-in of this kind is why
L~ is rarely formed in practice — forward substitution with L itself is cheaper and exact.

5.6 The Invertible Matrix Theorem

Everything proved so far about square matrices collapses into a single statement.

Theorem 5.3 Invertible Matrix Theorem

For a square matrix A € R"*", the following are equivalent — if any one holds, all hold; if
any one fails, all fail.

(1) Aisinvertible. (9) rank A = n (full rank).
(2) A~!exists and is unique. (10) A has n nonzero pivots.
(3) Ax = b has a unique solution for every (11) The RREF of A is I.

b € R".

(12) det A # 0.
¢ (13) N(A) = {0}, i.e. nullity A = 0.

(4) Ax = 0 has only the solution x = 0.
(5) The columns of A are linearly independen

(6) The columns of A span R". (14) C(A) =R™.
(7) The columns of A form a basis of R". (15) 0is not an eigenvalue of A.
(8) The rows of A are linearly independent. (16) A is a product of elementary matrices.

Intuition « how to use this theorem

In an exam you are typically given one of these sixteen and asked for another. The theorem
says you may jump freely between them. In practice:
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¢ To prove invertibility of a small explicit matrix, compute det A (7) or count pivots.

¢ To prove singularity, exhibit a nonzero x with Ax = 0, or a dependency among the
columns.

¢ To prove a theoretical statement, item (4) — “Ax = 0 forces x = 0” — is almost always
the most convenient.

Worked Example 5.7 « Using item (4)

Prove: if A and B are n x n and AB is invertible, then both A and B are invertible.

B is invertible. Suppose Bx = 0. Then (AB)x = A(Bx) = A0 = 0. Since AB is invertible,
item (4) gives x = 0. So Bx = 0 only for x = 0, and B is invertible by item (4) again.

A is invertible. Now that B~! exists, write A = (AB)B~!, a product of two invertible
matrices, hence invertible.

5.7 Why not to use A~!

Common Pitfall -+ “Do not compute A~1”

Lecture 3 states this in capital letters, and it is worth understanding why. To solve Ax = b:

Method Cost (flops) Accuracy
Elimination (LU) then substitute ~ $n® good
Form A~1, then A~'b ~ n° (3% more) worse

The inverse costs about three times as much, and multiplying by it introduces extra round-
ing error. It also destroys sparsity: the inverse of a sparse matrix is usually dense, so for
large problems A~! may not even fit in memory.

A~! remains indispensable in proofs and formulas — just not in code. In Octave, write
x = A\b,notx = inv (A) xb.

5.8 Exam preparation

Exam Preparation - Chapter 5

Formulas .
a b 1 d -b
[c d} ~ad —bc |—c a] (ad = be #0)
1
-1 .
=] 7 —
A adj A (Chapter for 3 x 3 and up)
(AB)fl — BflAfll (AT)fl _ (Afl)T, (CA)fl _ %Afl
Algorithm
[A|T] Clecyionln [I| A7'] ora zerorow = singular.
Pitfalls
e (AB)~! # A71B~1. The order reverses.
(AB)
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(A+B)~! # A~1 + B~1. There is no such rule at all.
Only square matrices have inverses in this sense.
Row operations on [ A | I | must be applied to the whole row — both blocks — every time.

Dividing by det A before checking it is nonzero.

Self-check

10 -3
1. Find A~ for A = {% —% é ] . [Tutorial 05, Q5(a)(i)]
2. If A is invertible and AB = AC, show B = C. Where exactly does the argument fail if A is

singular?

3. Show thatif A2 = A and A # I, then A is singular.

4. Ais3 x 3 with A> = O.Is A invertible? Is I — A invertible?

Answers

-53 —6

1. det A=1(—-6+1) -0+ (-3)(-2-0)=-5+6=1,s0 A7 = [—g? —Z} . (Check row 1 of A
times column 1 of A=%: 1(—5) +0(—6) + (=3)(—-2) = -5+ 6 =1.v)

2. Multiply on the left by A=': A=1AB = A=1AC gives IB = IC,so B = C. If A is singular no A~!
exists and the first step is illegal — and the conclusion genuinely fails, e.g. A = [§ 3], B =[],
C=[39] give AB=AC =ObutB # C.

3. If A were invertible, multiplying A2 = A by A~! gives A = I, contradicting A # I. So A is
singular. (Such A is called idempotent — a projection; see Chapter 10.)

4. A is not invertible: if it were, A3 = O would give A = A=2A3 = O, and O is not invertible —

contradiction. But I — A is invertible, with (I — A)~! = I+ A + A2, since (I — A)(I + A+ A?) =
I-A3=1
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Determinants
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The Transpose and Symmetric Matrices

Transposing flips a matrix across its main diagonal. That sounds trivial, and computationally it is
— but the transpose is what connects the row world to the column world, and matrices satisfying
ST = S turn out to be the best-behaved objects in the whole subject. Symmetric matrices have real
eigenvalues and orthogonal eigenvectors (Chapter 11), and every matrix produces two of them,
AT A and AAT, which is exactly how the SVD is built.

STRANG | 6th ed.
Strang §2.7 (“Transposes and Permutations”), §4.1 for the geometric role of AT, and §6.3 for sym-

metric matrices. Lectures 4 and 5; Tutorial 01 Q2 and Tutorial 05 Q1.

6.1 The transpose

Definition 6.1 Transpose

The transpose of A € R"*" is the matrix AT € R"™" with
(AT)ij = 4ji-

Row i of A becomes column i of AT. The size flips from m x n to n x m.

1 2 3 o
:[4 5 6] AR
3 6
N ' :
\1\ 2 3
\\ diagonal N 2 5
4 5. 6
N 3 6
A (2x3)
AT (3x2)

Figure 6.1: Transposing reflects the entries across the main diagonal. Rows become columns.
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Theorem 6.1 Properties of the transpose

Whenever the operations are defined:
(ATYT =
(A+B)T=AT+BT

(cA)T =c¢ AT

(AB)T = BTAT order reverses

(A HT =(AH)! for invertible A
tr(AT) =trA

det(AT) = det A (Chapter 7)

Proof of (AB)T = BT AT. Compare entries. Writing C = AB,
(C)ij = cji = ) ajbyi.
k

On the other side,

(BTAT);j =Y (BNi(AT ) = Y briaje = Y _ apby.
p P P

The two agree for all i, j. (Note also that the sizes work out: if A is m X n and B is n X p, then
(AB)Tis p x m,and BTAT is (p x n)(n x m) = p x m, whereas ATBT would be (n x m)(p x n)
— undefined unless m = p.) n

Proof of (A~1)T = (AT) 1. Transpose both sides of AA~! = I
(AAHT =T = (A HTAT=1

Similarly, transposing A™!A = I gives AT(A™!)T = 1. So (A™!)T is a two-sided inverse of AT,
and by uniqueness it is (AT) L. |

Remark - Lecture 4’s phrasing

Lecture 4 states this as: for an invertible matrix you can change the order of the inverse and
transpose. The common shorthand is A~T, unambiguous precisely because the two orders
agree.

Common Pitfall

(AB )T = BTAT, not ATBT. As shown in the proof, ATBT is usually not even defined. The
same reversal governs (ABC)T = CTBTAT.

6.1.1 The transpose and the dot product

Proposition 6.1 The defining property of AT

For all x € R" and y € R",

Proof. (Ax) -y = (Ax)Ty =xTATy =xT(ATy) = x- (ATy). [
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Intuition - this is what the transpose is

The formula above is not a property of the transpose — it is the definition, in disguise.
AT is the unique matrix that lets you move A from one side of a dot product to the other.
Everything about orthogonality in Chapter 10, and the entire theory of the four fundamental
subspaces, follows from this one identity. It is also why N(AT) (the left null space) is exactly
the set of vectors orthogonal to every column of A.

Worked Example 6.1 - Tutorial 01, Q2 — transposes of sums and products

With

-5 2 0 5 -1 8
A=1|7 =3 4], B=16 —-14 2|,
-1 3 2 9 5 1

verify (A + B)T = AT + BT and compute (—A)T.

|
6]
N

|
—_
6]
(@)
\O

AT=12 -3 3|, B'=|-1 -145
0 4 2 8 2 1
Then
0 13 38
AT+BT =1 -17 8
8 6 3
0o 1 8
Directly, A4+ B = |13 —17 6| and transposing gives the same matrix. v'
8 8 3
5 -7 1
Finally (—A)T = —AT = | -2 3 —3|: negation and transposition commute, being
0 —4 -2

special cases of (cA)T = cAT.

6.2 Symmetric matrices

Definition 6.2 Symmetric and skew-symmetric

A square matrix S is symmetric if

ST =5, ie. s;=sj foralli,j,
and skew-symmetric (antisymmetric) if AT = —A, i.e. a;; = —aj. A skew-symmetric
matrix necessarily has zeros on the diagonal, since a;; = —a;; forces a;; = 0.
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21 5 0 1 =5

1 3 0 -1 0 2
5 0 —4 5 -2 0
—_———

symmetric skew-symmetric

Proposition 6.2 Every matrix splits

Any square A decomposes uniquely as

A:%(A+AT)+ HA-AT).

VT NV
symmetric skew-symmetric

Proof. The two pieces sum to A, and (3(A + AT))T = (AT + A) is the same matrix, while
(2(A- AT))T = 1(AT — A) is its negative. For uniqueness, if A = S+ K with ST = S and
KT = —K, then AT = S — K; adding and subtracting recovers S = J(A+ AT)and K = } (A — AT).
]

Theorem 6.2 AT A is always symmetric
For any A € R™*" (square or not), both
ATAcR™ and  AAT ¢ R™"

are symmetric. Moreover both are positive semidefinite: xT (ATA)x = ||Ax|* > 0 for
every Xx.

Proof. (ATA)T = AT(AT)T = ATA, using the reversal rule and (A7) = A. The same argument
gives (AAT)T = AAT. For semidefiniteness,

xTATAx = (Ax)T(Ax) = || Ax|* > 0.

Remark - why this theorem matters so much

A itself may be rectangular, complex-eigenvalued and thoroughly badly behaved. But
AT A is always square, symmetric and positive semidefinite — so it has real non-negative
eigenvalues and a full set of orthonormal eigenvectors. The SVD (Chapter 13) is built by
applying the spectral theorem to ATA and AAT, then transferring the result back to A.
Lecture notes on SVD open with exactly this observation: “We need a square matrix. Matrices
AT A and AA" will be square. They will also be symmetric.”

Worked Example 6.2 - Tutorial 05, Q1 — solving for entries via AAT

a 0 —1 26 11

-11 14

] .Find a and b so that AAT =
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1 b
2
AaT - |20 1 g o - > +04+1 2a+0-0b| |a®+1 2a-b
12 3 b - 264 0—-b 4+9+1? 2a—b 13+4+0b2|°

(Note the off-diagonal entries agree automatically — AAT must be symmetric.)
Matching entries:
#*+1=26=a>=25=a=%5

1B+ =14=b=1=b=+1,
20— b= —11.

The last equation selects the signs. Testing: a = 5,b =1gives10 -1 =9X;a =5,b = —1
gives 10+1 = 11 X; a = —5b = 1 gives -10—-1 = —11 v; a = —5,b = —1 gives

—-10+1=-9KX.

. -5 0 -1 T
Answer: a4 = -5, b = 1. Verify: A = 5 3 and AA =
25+0+1 —-10+0—-1f |26 -—11 v
~10+0-1 44941 | [-11 14|

6.3 Permutation matrices

Definition 6.3 Permutation matrix

P is a permutation matrix if it is obtained by reordering the rows of the identity. Equiva-
lently, every row and every column contains exactly one 1 and zeros elsewhere. There are
n! permutation matrices of size n.

Proposition 6.3 Permutations are orthogonal

For any permutation matrix P:
P'P=1, so P '=P', and detP==£l

The sign is +1 for an even number of row swaps and —1 for an odd number.

Proof. (PTP);; is the dot product of columns i and j of P. Distinct columns have their single 1
in different rows, so that dot product is 0; and each column dotted with itself gives 1. Hence
PTP=1 |



Worked Example 6.3 « A 3 X 3 permutation

PTp =

S = O
_ O O
S O =
_ O O
S O =
S = O
I
S O =
S = O
— o O
I
—~
(\

This P is a 3-cycle, achievable by two swaps, so det P = (—1)? = +1.

6.4 Exam preparation

Exam Preparation - Chapter 6

Rules
(AT =4, (A+B)T=AT+BT, (cA)T =cAT,

(AB)T =BTAT, (A HT=(A")"1, w(AT)=trA, det(AT)=detA.
Key facts
e (Ax)-y = x-(ATy) — the transpose moves across a dot product.
e ATAand AAT are always symmetric and positive semidefinite, for any A.
e S symmetric = real eigenvalues, orthogonal eigenvectors, S = QAQT (Chapter 12).
* Papermutation = P~! = PT,detP = +1.
e Every square A is uniquely (symmetric) + (skew-symmetric).
Pitfalls
 Writing (AB)T = ATBT. Usually not even defined.
e Assuming AB symmetric when A, B are. It is symmetric only if AB = BA, since (AB)T =
BTAT = BA.
* Assuming a symmetric matrix must be invertible. [} 1] is symmetric and singular.
Self-check
1. If A is 4 x 7, what are the sizes of AT A and AAT? Which one can possibly be invertible?

2. Prove that ATA = O implies A = O.
3. If S is symmetric and invertible, show S~! is symmetric.

4. Show that xT Ay is a scalar and equals y " AT x.

Answers

1. ATAis7 x7, AAT is 4 x 4. Since rank A < min(4,7) = 4, the 7 x 7 matrix AT A has rank at
most 4 < 7 and is always singular. Only AAT can be invertible (and is, exactly when A has rank
4).

2. If ATA = O then for every x, |Ax||*> = xTATAx = 0, s0 Ax = 0 for all x. Taking x = e; shows
every column of A is zero,ie. A = O.

3. (S HT =(sT)" 1 =51
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4. xTAyis (1 x m)(m x n)(n x 1) = 1 x 1, a scalar. A scalar equals its own transpose, so x' Ay =
(xTAy)T =yTATx.
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Determinants

The determinant compresses an entire square matrix into a single number that answers one question:
is this matrix invertible? It answers it by measuring volume. det A is the signed volume of the box
spanned by the columns of A; the box collapses to zero volume exactly when the columns are
dependent. This chapter gives the definition by cofactors, the computational rules, the adjugate
formula for A~!, and Cramer’s rule — everything Lectures 4-5 and Tutorial 05 cover.

Strang §5.1 (“3 by 3 Determinants and Cofactors”), §5.2 (“Computing and Using Dete%mf\r'#gn‘tgﬂ}fd'

§5.3 (“Areas and Volumes”). Lectures 4 and 5; Tutorial 05 is entirely on this chapter.

7.1 What the determinant is for

Definition 7.1 Determinant — informally

The determinant of a square matrix A, written det A or | A|, is a single real number satisfying

Aisinvertible <= detA #0 ‘

It is defined only for square matrices.

Intuition  determinant = signhed volume

Place the columns of A as edges of a box from the origin.
* InIR% |det A| is the area of the parallelogram with edges a1, a,.

e InR3: |det A| is the volume of the parallelepiped with edges a1, a,, a3.

¢ The sign records orientation — whether the columns form a right-handed or left-handed
frame.

det A = 0 means the box is flat: the columns lie in a lower-dimensional subspace, so they
are dependent and A is singular. Every algebraic rule below is a statement about volume.
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det[3l]=6-1=5
|det A| = volume of the parallelepiped

Figure 7.1: The determinant as signed area (2D) and signed volume (3D) spanned by the columns.

7.2 Small determinants

Definition7.2 1 x1and 2 x 2

a b a b
d t = u, d t =
etlal = a e [c d] . 4

‘:ad—bc.

L

Definition 7.3 3 x 3 by the rule of Sarrus
a b
d e
g h

Mnemonic: copy the first two columns to the right, add the three “down-right” diagonals,
subtract the three “down-left” diagonals.

X WX + these
d TN e
,, ’ ’

. % AN — these

c
f| =aei+bfg+cdh — ceg —afh — bdi.
i

Figure 7.2: Sarrus’ rule for 3 x 3 determinants. It works only for 3 x 3 — there is no 4 x 4 version.

Common Pitfall -+ Sarrus does not generalise

The diagonal trick is valid for 2 x 2 and 3 x 3 only. For 4 x 4 and larger you must use

cofactor expansion or row reduction. Attempting a “4 x 4 Sarrus” produces 8 terms where
the correct answer has 24.
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7.3 Minors, cofactors and expansion

Definition 7.4 Minor

For an n x n matrix A, the minor M;; is the determinant of the (n — 1) x (n — 1) matrix
obtained by deleting row i and column j of A.

,

Definition 7.5 Cofactor

The cofactor of the entry a;; is the signed minor
Cj = (1) My

The sign pattern is a checkerboard beginning with + at the top left:

| V

Theorem 7.1 Cofactor (Laplace) expansion

For any n x n matrix A and any fixed row i or column j:

n
detA = Z a;Cix (expansion along row i),
k=1

n
detA = Z axCyj (expansion along column j).
k=1

Every choice of row or column gives the same answer.

,

Method Choosing where to expand

Expand along the row or column containing the most zeros. Each zero entry kills an entire
minor computation. If there are no zeros, use row operations first to create some — adding
a multiple of one row to another does not change the determinant (Section 7.4).

Worked Example 7.1 - Lecture 4 — expansion along the best row

,

Compute det A for

By Sarrus:
det A =1(5)(9) +2(6)(7) +3(4)(8) —3(5)(7) — 1(6)(8) — 2(4)(9)

=45+84 +96 — 105 — 48 — 72 = 225 — 225 = 0.

58



By cofactors along row 1:

5 6
8 9

4 6
7 9

4 5
7 8

detA =1 =7 +3

— 1(45 —48) —2(36 —42) +3(32 —35) = =3+ 12 —9 = 0.

Same answer. v/
Why zero? Column 2 is the average of columns 1 and 3: a, = (a1 + a3). The columns are
dependent, so the box is flat and A is singular.

Worked Example 7.2 - Tutorial 05, Q3 — three determinants

Compute
-2 3 =2 3 -1 4 ;g 11 1
A:—4—21,B:251,C:2130
2 4 2 2
0 6 11 0 1
det A, expanding along row 1:
-2 1 —4 1 —4 -2
detA = -2 = -2
© ol 3|2 o T2 4

=-2(—4—-4)-3(—-8-2)—2(—16+4) = —2(—8) —3(—10) —2(—12) = 16 +30+24 = 70.
det B, expanding along row 3 (it contains a zero):

~1 4/ |34 3 -1
5 1 2 1] |2 5
=2(=1-20) — 0+ 6(15+2) = 2(—21) + 6(17) = —42 + 102 = 60.

det C (4 x 4) — reduce first. Use row operations to create zeros in column 1 (these do not
change the determinant):

detB =2 =0 +6

R2—>R2—2R1 (1) (2) 13 11
R3 — R3 —2R; — e
R R R 01 1 -2
47 R 01 -1 0

Expanding along column 1 leaves the single term 1 - Cyy:

2 -3 -1
detC=11 1 -2|.
1 -1 0
Expand this along row 3 (it has a zero):
=8 =l 2 -1
=1 = (=1 0=(6+1 —44+1)=7-3=4
C e o=+ +(-4+1)
So detC = 4.

Summary: det A = 70, det B = 60, det C = 4. All three matrices are invertible.
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7.4 Rules for determinants

Theorem 7.2 The rules

Let A, Bben xnandc € R.
Rule Reason (volume)
D1 det] =1 the unit cube has volume 1
D2 Exchanging two rows reverses the sign orientation flips
D3 det is linear in each row separately scaling one edge scales the volume
D4 R; = R; + cRj leaves det unchanged shearing preserves volume
D5 Two equal rows = det A =0 the box is flat
D6 A zero row = det A =0 an edge of length 0
D7 Triangular = det A =[]a;; a box with axis-aligned edges
D8 det(AB) = (det A)(detB) volumes multiply
D9 det(AT) = det A rows and columns play symmetric roles
D10  det(cA) =c"detA all n edges scaled by ¢
D11 det(A™!) =1/detA from D8 with B = A~!

Common Pitfall - the two everyone gets wrong

det(A+ B) # detA+detB  and det(cA) =c"detA # cdetA.

For the first: A = B = I, gives det(A + B) = det(2I) = 4 but det A + det B = 2. For the
second, the exponent 7 is the size of the matrix, and forgetting it is the single most common
error in Tutorial 05 Q4.

Worked Example 7.3 - Tutorial 05, Q4(a) — determinant gymnastics

= QO ¢

a c
Given det A = 4 where A = |d f| (son = 3), evaluate:
g i
(i) det(3A)
(ii) det(2A~1)
(i) det((24)71)

b a ¢
(iv) |2e 2d 2f
h g i

20+3d 2b+3e 2c+3f

(v) d e f

5¢—7d 5h—7e 5i—7f

(i) By D10 with ¢ = 3, n = 3: det(3A) = 3% det A = 27 -4 =108,
(i) det(2A~1) = 2°det(A~1) = 8- 1 =[2]
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(iii) det((24)7!) = det(12 i 231_ i= 3l2 So [1/32] (Note (ii) # (iii): 24! and
(2A)~1 = A~ are different matrices.)

(iv) Two changes from A: columns 1 and 2 are swapped (factor —1 by D2 applied to
columns, valid by D9), and row 2 is multiplied by 2 (factor 2 by D3). So

det = (—1)(2)(4) =[-8]

(v) Work row by row. Row 2 is unchanged. Row 1 is 2(row;) + 3(row): by D3 this
contributes a factor 2, and by D4 the added multiple of row 2 changes nothing. Row 3 is
5(rows) — 7(rowy): a factor 5, and again the row 2 term is free. Hence

det=2-5-detA=10-4=40]

Worked Example 7.4 - Tutorial 05, Q4(b) — a proof-style question

Apply the rules in order, remembering n = 2:
1 T\\ D8 -1 T\ D9 =il
det((3A7")(B")) = det(3A7") - det(B") = det(3A™") - detB.

Now

1
det(347") 2’82 det(4™") H 9= =3.

Therefore det((3A™')(BT)) =3-2=6.V

7.4.1 Determinants by elimination

Method The efficient method for large

Cofactor expansion on an n X n matrix costs about n! multiplications — for n = 10 that is
over three million. Instead:

1. Row reduce A to upper triangular U using only R; — R; — ¢R; (which by D4 changes
nothing) and row exchanges.
2. Count the row exchanges, say s of them.

3. Then det A = (—1)° x (product of the pivots).

This costs about %n?’ operations — and it is exactly the elimination you already did in
Chapter 4, so the determinant comes for free.

Worked Example 7.5 - Determinant from the pivots

1 2 1 1 2 1
In Chapter 4 we found A = |2 3 3| reducestoU = |0 —1 1 | with no row
85 =i 2 0 0 -8

exchanges.
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Hence s = 0 and
detA=(+1)-1-(-1)-(-8) =8.

Cross-check by cofactors along row 1:

3 3
-1 2

2 3
3 2

2 3
3 -1

1 —2 +1 = (643)—2(4-9)+(—2-9)=9+10—11=8.V

7.5 The adjugate and a formula for A~!

Definition 7.6 Cofactor matrix and adjugate

The cofactor matrix of A is C = [C;;], the matrix of all cofactors. Its transpose is the adjugate
(Lecture 4 and Tutorial 05 call it the adjoint):

adjA=C", (adjA); = Cj.
Do not forget the transpose — it is the step most often skipped.

Theorem 7.3 Adjugate formula for the inverse

For any square A,

AadjA) = (adj A) A = (det A) I.
Consequently, if det A # 0,

A—l

adj A

- det A

Sketch. Entry (i,i) of A adj A is } ; a;Cyx = det A — exactly the cofactor expansion along row i.
Entry (i,j) with i # jis Y, a;xCj, which is the cofactor expansion of the matrix obtained from A
by replacing row j with a copy of row i. That matrix has two equal rows, so by D5 its determinant
is 0. Hence A adj A = (det A)I [

Method Finding A~ via the adjugate

Compute det A. If it is 0, stop — no inverse.
Compute all #? minors M;;.

Attach signs: C;; = (—1)"M;;.

Transpose the cofactor matrix to get adj A.

Divide by det A.
Practical for 2 x 2 and 3 x 3; hopeless beyond that — use Gauss—Jordan (Chapter 5) instead.

oo ® =
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Worked Example 7.6 + Tutorial 05, Q5(a)(i) — adjugate and inverse

1 0 -3
FindadjAand A~ forA= [2 -2 1
0 -1 3

Step 1 — determinant (expand along row 1):

-2 1 2 -2
detA=1 -0+ (-3) =1(—-64+1)—-3(-2—-0)=-5+6=1.
-1 3 0 -1
Step 2-3 — cofactors.
-2 1 2 1 2 -2
Ci = == T =—6 Cp= = -2
L P 2= "o 3 BT
0 -3 1 -3 1 0
Cy =— =3 Cp= =3 Cp=-— -1
21 1 3 22 +0 3 23 0 —1
0 -3 1 -3 1 0
L I 27712 1 B=Th
-5 —6 -2
So the cofactor matrixisC= |3 3 1
-6 -7 -2
Step 4 — transpose.
-5 3 -6
adfA=C'=|-6 3 -7
-2 1 -2
Step 5 — divide. Since det A =1,
1 -5 3 —6
A‘lziade: -6 3 -7
=2 11 =2

Check. Row 1 of A times column 1 of A~ 1(=5) +0(—6) + (=3)(-2) = —5+6 =
1. v'Row 2 times column 2: 2(3) + (—2)(3) +1(1) = 6 — 6+ 1 = 1. v’'Row 3 times column 1:
0(=5) + (=1)(=6) +3(=2) =6 —6=0. v

Worked Example 7.7 « Tutorial 05, Q5(a)(ii)

1 0 2
Find the inverseof A = [0 1 4]|.
301

Determinant (expand along column 2, which has two zeros):

1 2

detA=0-Cp+1-Cn+0-C3p =+ 3 1

=1-6=-5.
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Cofactors.
1 4 0 4 01
Cp = =1 Cp = — =12 Ci;3= = -3
1=+ 01 12 31 13 =+ 30
0 2 1 2 1 0
Co = — =0 Cxp= = -5 Cpy=— -0
21 0 1 2 =+ 31 23 30
0 2 1 2 1 0
31 = 1 4 32 0 4 33 = + 01
1 0 -2 BEELE -1 0 %
adjiA=C"= |12 -5 —4], A—lz_—S 12 -5 —4|=|-21 1}
-3 0 1 -3 0 1 % 0 _%
Check the (1,1) entry of AA™1: 1(—3) +0(—3)+2(2) = -1+ ¢=1.V

7.6 Cramer’s rule

Theorem 7.4 Cramer’s rule

Let Abe n x n with det A # 0, and let A; denote the matrix A with its jth column replaced
by b. Then the unique solution of Ax = b has components

. detA]-

=1 i=1,..,n
YT Getar T

Proof. From A~! = 1 adjAwegetx = A~'b = ;1 (adjA)b, so

1 n . 1 n
x]‘ = @ kgl(ad] A)]kbk = m I;Ck]bk

The last sum is precisely the cofactor expansion of det A; along its jth column (which holds b),
because deleting that column and row k from A; gives the same minor as deleting column j and
row k from A. [

Worked Example 7.8 « Tutorial 05, Q6(b)(i) — Cramer’s rule

Solve
dx+8y+ z=—6

2x =3y +2z=0
xX+7y—3z= -8

The coefficient determinant.

4 8 1
= 2 2 2 2 =
detA=12 -3 2|=4 3 -8 +1 3
7 =3 1 -3 1 7
1 7 =3

—4(9—14) —8(—6—2) + (14+3) = 4(—5) + 64+ 17 = —20 + 64 + 17 = 61.
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Nonzero, so Cramer applies.
Replace column 1 by b = (—6,0, —8):

-6 8
— 2 2 —
detAy;=]0 -3 2|=-6 73 3—8 08 3—|—1 08 73
-8 7 =3

— —6(9 —14) — 8(0 4 16) + (0 — 24) = 30 — 128 — 24 = —122.

Replace column 2:

4 -6 1
0o 2 2 2 2 0
detA, =12 0 2|=4 +6 +1
1 _8 _3 -8 -3 1 -3 1 -8

= 4(0416) + 6(—6 —2) + (=16 — 0) = 64 — 48 — 16 = 0.

Replace column 3:

4 8 —6
detAs=12 -3 0 =4_73 08 —8? 08 —63 _73
1 7 -8

—4(24—0) —8(—16 — 0) — 6(14 +3) = 96 + 128 — 102 = 122.

Solution. (55 . (50
=g — > Y=g =0 =g =2

Check in equation 3: (—2) +7(0) —3(2) = —2—-6=—-8.V

Common Pitfall - Cramer’s rule is a formula, not a method

It requires n + 1 determinants of size 1, costing roughly (n + 1)! operations by cofactors —
astronomically worse than elimination’s %n3. Use it when
¢ n < 3 and you want a quick answer,

* you need only one component x;,

* you want a symbolic formula showing how x; depends on the data.
Otherwise, eliminate. It also fails outright when det A = 0 — it says nothing about the
singular case.

7.7 Determinants and singularity with a parameter
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Worked Example 7.9 - Tutorial 05, Q7 — determinant as a function of a

1 2 -3
LetA= |3 -1 5 . Find det A in terms of 4, then determine for which a the system
4 1 a*>-14

X+2y—3z=4
3x— y+5z=2
dx+ y+(a*—14)z=a+2

has (i) exactly one solution, (ii) infinitely many, (iii) none.

Determinant. Expand along row 1:

-1 5
1 a*>—14

3 5

detA =1 5
4 g-—14

+(=3)

4 1

= (—(a*—14) — 5) —2(3(a* — 14) —20) — 3(3 +4)
= (—a*+9) —2(3a*> —62) —21 = —a® +9 — 6a* + 124 — 21 = —7a* + 112.

So
det A= —7(a*>—16) = —7(a — 4)(a +4).

(i) Exactly one solution when det A # 0, i.e. a # +4.

The singular cases. When a2 = 16 we have 42 — 14 = 2, so the matrix becomes
1 2 -3
3 —1 5 | and row 3 equals row 1 + row 2. Consistency therefore requires the same
4 1 2

relation on the right-hand side:

b3=b1—|—b2 <— q4+2=4+2=6 <+—= a=A4.

(ii) Infinitely many solutions when a = 4: the third equation is redundant, leaving 2 pivots
and 1 free variable.

(iii) No solution when a = —4: then a +2 = —2 # 6, so the third equation contradicts the
first two.

Worked Example 7.10 - Tutorial 05, Q5(b) — forcing singularity

Singular <= det A = 0. Expanding,
detA=x(x*—1)—-1(x—-1)+11-x)=2*—x—x+1+1—x=x>—3x+2
Factor: x = 1 is a root, so

B —38x+2=(x-1)(2+x—-2)=(x—D)(x—1)(x+2) = (x — 1)*(x +2).

Hence A is singular for ‘ x=1lorx= -2 ‘
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Sanity check. At x = 1 all three rows are (1,1,1) — rank 1, certainly singular. At x = —2
the rows are (—2,1,1),(1,—2,1), (1,1, —2), which sum to (0,0,0) — a dependency, again
singular.

7.8 Exam preparation
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Exam Preparation - Chapter 7

Core formulas

a b iy
c d' =ad— bC, Cl] = (—1)Z+JMZ']', detA = ;aikcik
A= L oA, adja=cT _detd e
—ma] , adjA=C", x]—detA(ramer)
det(AB) = det AdetB, det(AT)=detA, det(cA)=c"detA, det(A™!)= delt yi

Row operations and det

R; = R; +¢cR; detunchanged
Ri <> R; det changes sign
R; — cR; det multiplied by ¢

Pitfalls
e det(A+ B) # det A + detB.

e det(cA) = c" det A — the exponent is the matrix size.
e Forgetting the transpose inadj A = CT.

e Sign errors in (—1)/. Write out the checkerboard first.
¢ Sarrus’ rule beyond 3 x 3.

¢ Applying Cramer’s rule when det A = 0.

Self-check
2 0 1

1. Compute |3 —1 2|two ways.
1 4 0

2. If Ais4 x 4 with det A = 5, find det(2A), det(AT A) and det(A~1).
3. Solve —7x — 6y — 12z = 0,5x + 5y + 7z = 0, x + 4z = 0 using Cramer’s rule. [Tutorial 05, Q6(b)(ii)]
4. Prove that if A is n X n and skew-symmetric with n odd, then det A = 0.

Answers
1. Alongrow1:2(0—8) —0+1(124+1) = —16+13 = —3. By Sarrus: 0+ 0+ 12— (-1) =16 — 0 =
-3.v
2. det(2A) =2* -5 =80; det(ATA) = det(AT)det A =5-5 = 25;det(A!) = 1/5.
-7 —6 -—12
3. The system is homogeneous. Its determinantis | 5 5 7 | =-7(20—0)+6(20-7) —
1 0 4

12(0 — 5) = —140 + 78 4 60 = —2. Nonzero, so the only solution is the trivial one: x =y = z = 0.
(Cramer confirms this: each A; has a zero column, so every det A; = 0.)

4. AT = —A gives detA = det(AT) = det(—A) = (—1)"detA = —det A for odd n. Hence
2detA =0,sodetA = 0.
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PART Il

Vector Spaces and the Four Subspaces
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Vector Spaces and Subspaces

Up to here, “vector” meant a column of numbers. This chapter performs the abstraction that makes
linear algebra powerful: we keep only the rules of vector arithmetic and forget what the objects
are. Anything obeying the ten axioms — polynomials, functions, matrices, signals — becomes a
vector space, and every theorem proved from the axioms applies to all of them at once. We then
meet spanning sets, independence, bases and dimension, which together answer “how big is this
space, and what is the most economical way to describe it?”

%/-\NG | 6th.ed.

Strang §3.1 (“Spaces of Vectors”), §3.2 (“Computing the Nullspace”), §3.4 (”Independencg,r asis and

Dimension”). Lecture 7; Tutorial 06 Q1(d) uses subspace verification.

8.1 The axioms

Definition 8.1 Vector space

A vector space is a non-empty set V together with two operations — vector addition u + v and
scalar multiplication ku with k € R — satisfying the following ten axioms for all u,v, w € V
and all scalars k, c € R.

Addition Scalar multiplication
1 ut+veV (closure) 6. ku €V (closure)
2 ut+v=v+u (commutative) 7. k(cu) = (kc)u (associative)
3 (u+v)+w=u+ (v+w) (associative) 8. k(u+v) = ku + kv (distributive)
4 30 Vwithu+0=u (neutralelement) 9. (k+c)u=ku+ cu (distributive)
5 J(—u)withu+ (—u) =0 (additive 10. 1lu = u (identity)
inverse)

Intuition « Lecture 7’s football-field picture

A vector space is a playing field you cannot leave. Add two vectors — still in the field.
Scale a vector by any real number — still in the field. If any legal operation kicks you off
the field, it is not a vector space. Axioms 1 and 6, the two closure axioms, are the ones that
do real work; the other eight are usually inherited automatically from the arithmetic of real
numbers.
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8.1.1 Examples — and non-examples

Set Vector space? Why

R" yes the model case

R™ ™ (all m x n matrices) yes add and scale entrywise; dim = mn
P, (polynomials of degree < n) yes dim =n+1,basis 1,¢,...,t"

C[0,1] (continuous functions) yes infinite-dimensional

{0} yes the zero space, dim = 0
Polynomials of degree exactly n no " + (—t") = 0 has degree 0: not closed
{(x,y) : x > 0} (a half-plane) no —1-(1,0) = (—1,0) escapes

{(x,y) : xy = 0} (the two axes) no (1,0) +(0,1) = (1,1) escapes
{(x,y) : x+y = 1} (a line off the no does not contain 0

origin)

Invertible n x n matrices no A+ (—A) = O is not invertible

Proposition 8.1 Consequences of the axioms

In any vector space:

Ou=0, ko =0, (=Du = —u, ku=0=k=0o0ru=0.

Proof. For the first: Ou = (0 + 0)u = Ou + Ou by axiom 9. Adding — (0u) to both sides gives 0 = Ou.
For the third: u + (—1)u = lu+ (—1)u = (1 — 1)u = Ou = 0, so (—1)u is the additive inverse of
u. n

8.2 Subspaces

Definition 8.2 Subspace

A subset W C V is a subspace of the vector space V if W is itself a vector space under the
operations inherited from V.

Checking all ten axioms would be tedious; almost all of them are inherited for free. Only closure
and the presence of 0 need checking.

Theorem 8.1 Subspace test

A subset W C V is a subspace if and only if all three hold:

1) 0ew (equivalently, W is non-empty)
S2) uveW=u+veW (closed under addition)
S ueW, keR=kuecWw (closed under scalar multiplication)

Conditions (S2) and (S3) can be merged into the single test

uocWandk,ce R =— ku+coecW.

Method Checking a subspace in an exam

1. Test 0 first. It is one line, and it eliminates most non-subspaces immediately (anything

71



defined by an equation with a nonzero constant fails here).
2. Take general u,v € W — write down what membership means for them.
3. Show u + v satisfies the same condition.

4. Show ku does too.

To prove a set is not a subspace, one explicit counterexample is enough.

sum escapes

o i ~

v subspace X not a subspace X not a subspace X not a subspace
line through 0 misses 0 not closed under + —1- escapes

Figure 8.1: Subspaces of R? are exactly: {0}, any line through the origin, and R? itself. Nothing else
qualifies.

Worked Example 8.1 « Subspace or not?

Decide whether each is a subspace of the given space.
(@ W={(x,y,z) e R¥: x+2y —z =0}

b) W={(x,y,z) e R¥: x+2y —z =3}

() W={AcR>?: AT = A}

(d) W={(xy) € R*: x* =y}

(@) Yes. 0 = (0,0,0) gives0+0—0 = 0 v. If u,v € W then uy +2up —uz = 0 and
v1 + 20y — v3 = 0; adding, (1 +v1) + 2(up + v2) — (U3 +v3) = 0,s0 u +v € W. Scaling
by k multiplies the equation by k, still = 0. This W is a plane through the origin. Any set
defined by homogeneous linear equations is a subspace — it is a null space (Chapter 9).
(b) No. 0 gives 0 # 3. Fails at the first hurdle. This is a plane parallel to the one in (a) but
shifted off the origin — an affine set, not a subspace.

(c) Yes. OT =0 v.If AT = Aand BT = Bthen (A+B)T = AT+ BT = A+ B v, and
(kA)T = kAT = kA v. The symmetric 2 x 2 matrices form a 3-dimensional subspace of
the 4-dimensional space IR>*? (free choices: the two diagonal entries and the one shared
off-diagonal entry).

(d) No. x? = y? means y = 4x — the union of two lines. (1,1) and (1, —1) both lie in W,
but their sum (2,0) has 4 # 0. Not closed under addition. (Note the defining equation is
not linear, which is the tell.)

Proposition 8.2 Intersections and sums

If U and W are subspaces of V, then
e UNW isasubspace;

¢ U UW is usually not (see the two-axes picture above);
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I e U+W={u+w:ucl, we W} is asubspace — the smallest one containing both.

8.3 Span
Definition 8.3 Span
The span of vectors vy, ..., v, € V is the set of all their linear combinations:
span{vy, ..., v} = {101+ - -+ v @ c1,..., ¢ € R}

If span{vy,..., v} = V wecall {vy,..., v} a spanning set for V, and say the vectors span

v
Proposition 8.3

span{wy, ..., v} is always a subspace of V — indeed the smallest subspace containing all
the v;.

L

Proof. It contains 0 (all ¢; = 0), and a combination of two combinations is again a combination,
so it is closed under both operations. Minimality: any subspace containing every v; must, by
closure, contain all their combinations. [ |

8.4 Linear independence

Definition 8.4 Linear independence

Vectors vy, . .., vy are linearly independent if
o1+ v+ +cgur=0 = c1=c=---=c¢c=0.

That is, the only combination producing 0 is the trivial one. Otherwise they are linearly
dependent, and some non-trivial combination vanishes.

Proposition 8.4 Equivalent characterisations

For vy, ..., vy the following are equivalent:

(i) they are linearly dependent;
(ii) atleast one v; is a linear combination of the others;
(iii) some v; lies in the span of the preceding ones;
(iv) the matrix A = [v; --- v hasN(A) # {0};
(v) rank A < k.

Method Testing independence in IR”

Form the matrix A whose columns are the vectors and row reduce.
* k pivots (one per column) = independent.
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¢ Fewer than k pivots = dependent; the free columns tell you the dependencies.
Shortcuts: any set containing 0 is dependent; any set of more than n vectors in R" is
dependent; two vectors are dependent iff one is a multiple of the other. For k = n (square
A), independent <= det A # 0.

Worked Example 8.2 « Assighment 01, Q2(b) — independence of two vectors

Show a = (1,0,—1) and b = (0,2,1) are linearly independent.

Suppose c1a + cob = 0. Componentwise:
c1 =0, 2co =0, —c1+cp =0.

The first gives c; = 0, the second c; = 0. Only the trivial combination works, so they are
independent.

Faster argument. Two vectors are dependent only if one is a multiple of the other. Here
a has second component 0 while b has second component 2; any multiple ka has second
component 0 # 2,50 b # ka, and a # 0 so a is not a multiple of b either. Independent.

Common Pitfall - independence is a property of the set

Do not say “v is independent”. Independence is about how vectors relate to each other. A
single nonzero vector forms an independent set; a single zero vector does not.

Also: independent # orthogonal. Orthogonal nonzero vectors are always independent
(Chapter 10), but independent vectors need not be orthogonal — (1,0) and (1,1) are
independent at 45°.

8.5 Basis and dimension

Definition 8.5 Basis

A basis of a vector space V is a set of vectors that is
(i) linearly independent, and

(ii) spans V.
Equivalently: a basis is a minimal spanning set, or a maximal independent set.

Theorem 8.2 Unique representation

{v1,...,0,} is a basis of V if and only if every v € V has exactly one expression
U =001+ "+ Cy0y.

The scalars ¢; are the coordinates of v in this basis.

Proof. Spanning gives at least one expression. For uniqueness, suppose ) c;v; = }_d,v;. Subtracting,
Y.(c; —d;)v; = 0, and independence forces ¢; — d; = 0 for every i. Conversely, if representations
are unique then in particular 0 has only the trivial one, which is independence. u
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Intuition < Lecture 7’s distinction

A spanning set is any collection of vectors that can generate the whole space. A basis is the smallest
such collection, with no unnecessary vectors. Spanning sets can be wastefully large; bases are
exactly right. Throw away one vector from a basis and you no longer span; add one and
you lose independence.

vy ’ vy

’
’ 1 U1 U1
.
2,
i S L N

spanning set {v1, v, v3} basis {vy, vz} {v1} alone
spans R? but is dependent spans and is independent independent but spans only a line

Figure 8.2: Too many vectors, exactly right, too few. A basis is the balance point between spanning and
independence.

Theorem 8.3 Dimension is well defined

Every basis of a vector space V has the same number of vectors. That number is the
dimension dim V.

Sketch — the Steinitz exchange. Suppose {1, ...,u;} spans V and {w;, ..., w,} is independent in
V. Expressing each w; in terms of the u; gives an m x p matrix; if p > m this matrix has more
columns than rows, hence a nonzero null vector, which produces a non-trivial combination of the
w; equal to 0 — contradicting independence. So p < m: any independent set is no larger than

any spanning set. Applying this both ways to two bases gives equality. n
Space Dimension A standard basis

R” n el,..., ey

R™>7n mn the matrices E;; with a single 1

P, n+1 Lt 12, .t

symmetricn X n "(";1) Ejjand E;; + Ej;

{0} 0 the empty set

C[0,1] o0 no finite basis exists

Theorem 8.4 Counting theorem

Let dim V = n. Then:
(i) Any independent set has at most n vectors.

(ii) Any spanning set has at least 1 vectors.

(iii) Any independent set of exactly n vectors is a basis.
(iv) Any spanning set of exactly n vectors is a basis.

(v) Any independent set can be extended to a basis.

(vi) Any spanning set can be reduced to a basis.
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Remark - a genuine labour-saver

Items (iii) and (iv) mean that if you already know the dimension, you only need to check
one of the two basis conditions. To show three vectors form a basis of R3, checking
independence suffices — and for three vectors in R® that is a single determinant.

Worked Example 8.3 « Finding a basis and dimension of a span

Find a basis and the dimension of W = span{(1,2,1), (2,4,2), (1,0,1), (3,2,3)} C R®.

Put the vectors as columns and row reduce:

1213 121 3] [t213
A= |2 4 0 2| Be2RuBRRio 1y g o 4| 2D 15 01 2
1213 00 0 O 000 0

Pivots are in columns 1 and 3. So:
* Basis: the corresponding original columns, {(1,2,1), (1,0,1)}.

¢ Dimension: dim W = 2 — W is a plane in R3.
The free columns record the dependencies: column 2 = 2xcolumn 1, and column 4 =
column 1 + 2xcolumn 3. Check the latter: (1,2,1) +2(1,0,1) = (3,2,3). v

Common Pitfall - take the original columns, not the reduced ones

The pivot columns of the RREF are ej, e; — they span a different plane. Row opera-
tions preserve which columns are independent, but change what those columns are.
Always go back to A.

8.6 Exam preparation

Exam Preparation - Chapter 8

Definitions to state verbatim

¢ Subspace: non-empty, closed under + and scalar multiplication (equivalently contains 0 and all
ku + cv).

* Span: the set of all linear combinations.
* Independent: ) c;v; =0 = allc; =0.
* Basis: independent and spanning.

* Dimension: the number of vectors in any basis.

Method summary
Question Do this
Is W a subspace? check 0 € W, then closure
Are these independent?  columns into A, count pivots
Basis for a span? pivot columns of A (original ones)
Dimension? number of pivots
n vectors in R"? one determinant settles everything
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Pitfalls
* Any set defined by a non-homogeneous equation misses 0 and is not a subspace.

* A union of subspaces is generally not a subspace.
* Using RREF columns instead of original columns as a basis for C(A).

¢ Confusing “independent” with “orthogonal”.
Self-check

1. Is {(x,y,z) : x = y} a subspace of R*? What is its dimension?

2. Is the set of 2 x 2 matrices with tr A = 0 a subspace? Give a basis.
3. Can 4 vectors be independent in IR>? Can 2 vectors span IR®?

4. Show that {1+, 1 —t, £*} is a basis of IP;.

Answers

1. Yes —itis {(tt,s)}, defined by the homogeneous equation x — y = 0. Basis {(1,1,0),(0,0,1)},
so dim = 2: a plane.

2. Yes: tr(A+B) = trA+trBand tr(kA) = ktr A, and tr O = 0. Writing A = [4 ? ], a basis is
[o 511, [80] . [96]; so dim = 3.
3. No and no. In R? any independent set has < 3 vectors and any spanning set has > 3.

4. dimP; = 3 and we have 3 polynomials, so by the counting theorem independence suffices.
If a(14t) +b(1 —t) + ct?> = 0 then comparing coefficients: > gives c = 0; t givesa — b = 0;
constant gives a + b = 0. Hence ¢ = b = ¢ = 0. Independent, therefore a basis.
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Column Space, Null Space and the Four
Subspaces

Every matrix A carries four subspaces with it, and together they answer every solvability question
you can ask about Ax = b. The column space says which b are reachable; the null space says how
much freedom there is in x; the row space and left null space are their mirror images obtained from
AT. Strang calls the relationships between them the Fundamental Theorem of Linear Algebra, and it is
the conceptual summit of the first half of the course.

Strang §3.1-§3.5, especially §3.5 (“Dimensions of the Four Subspaces”). Lecture 7; Ass?gr'll}g(e;r‘lte&ed'

Q1(c)—(e) and Q3 are pure column-space questions.

9.1 The column space

Definition 9.1 Column space

The column space of A € R"*" is the span of its columns:
C(A) ={Ax : x e R"} = span{ay,...,a,} € R™.

Lecture 7’s phrasing: the set of all possible vectors that can be created by combining the columns of
the matrix.

Theorem 9.1 The solvability criterion

Ax =bhasasolution <= beC(A).

Proof. Ax is the combination xja; + - - - + x,a,. A solution x exists precisely when b can be written
as such a combination, which is the definition of b € C(A). |

C(A) is the “reachable set” or “output space” of A. Think of A as a machine: you feed in
any x € IR", and the outputs it can produce form exactly C(A). If C(A) is a plane inside R®,
then two-thirds of the target vectors are simply unreachable, no matter what you feed in.
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Worked Example 9.1 « Assignment 01, Q3(a)—(b) — a rank-one column space

Every column is a multiple of a; = (2,1, —1): indeed a; = 24; and a3 = 3a;. So
C(A) ={t(2,1,-1): t € R},

a line through the origin in R3 with direction (2,1, —1). Its dimension is 1, so rank A = 1.
Only L of R3 is reachable — concretely, b = (12,6, —6) lies on this line (+ = 6) and is
reachable, whereas b = (1,0,0) does not and is not.

9.2 The null space

Definition 9.2 Null space

The null space (or kernel) of A € R™*" is
N(A)={xeR" : Ax=0} C R"

Lecture 7: the set of all vectors that become the zero vector when multiplied by the matrix. Its
dimension is called the nullity.

Proposition 9.1

N(A) is a subspace of R".

L

Proof. A0 = 0,500 € N(A). If Au = 0 and Av = 0 then A(cu + dv) = cAu+dAv = 0. [
For A € R™*™:
C(A) CR™ (as many entries as rows), N(A) CR" (as many entries as columns).

For a 3 x 5 matrix, C(A) sits in R* and N(A) in IR®. They cannot be compared or intersected.
Getting this backwards is the most common error in this chapter.

9.2.1 Computing the null space

Method Special solutions

1. Row reduce A to RREF R (no need to augment — the right side stays 0).

2. Identify the pivot columns and the free columns. Number of free columns = n —r
where r = rank A.

3. For each free variable in turn: set it to 1, all other free variables to 0, and solve for the
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pivot variables. This gives a special solution.

4. The n — r special solutions form a basis for N(A), and

N(A) = span{si,...,Sn—+}, dimN(A) =n—r.

Worked Example 9.2 + Null space of a rank-2 matrix

1 2 2 2
Find a basis for N(A) where A= |2 4 6 8 |.
3 6 8 10
Reduce _
1 2 2 2 1 2 2 2
A BRI g g 2 g BB g 0 2 4
00 2 4] 0000

Pivot columns: 1 and 3. Free columns: 2and 4. Sor = 2,n = 4,and dimN(A) =4 -2 = 2.
Special solution 1 (x = 1, x4 = 0). From R: row 2 gives x3 +2(0) = 0 so x3 = 0; row 1
gives x1 +2(1) +0—2(0) =0so x; = —2.

S1 = (—2, 1, 0, 0).

Special solution 2 (x; =0, x4 = 1). Row 2: x3 +2(1) =0sox3 = —2;row 1: x1+ 0+ 0 —
2(1) = 0sox; = 2.
=(2,0,-2,1).

+2(-2)+2(1) =2—-4+2 = 0 V; second

Check Asj: first component 1(2 ) + 2(0 (—
0 v/; third 3(2) + 6(0) + 8(—2) +10(1) =

)
2(2) +4(0) +6(—2) +8(1) = 4—12+8
6—16+10=0.

N(A) = span{(-2,1,0,0), (2,0,-2,1)} C R*"

9.2.2 The complete solution of Ax = b

Theorem 9.2 Particular plus null

If x, is any one solution of Ax = b, then the complete solution set is

X =xp+x, x, € N(A).

Geometrically, the solution set is the null space translated by x,,.

Proof. If Ax = b and Ax, = b, subtracting gives A(x — x,) = 0,50 x — x, € N(A). Conversely
A(xp +x,) =b+0=0. |
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Figure 9.1: The solution set of Ax = b is a translate of N(A). It is a subspace only in the homogeneous
case b = 0, when x, = 0.

Worked Example 9.3 « Assighment 01, Q3(c) — complete solution

Reduce the augmented matrix.

2 4 6 |12 1 2 3|6 1 2 3|6
1 2 3|6 | 2511 2 3|6 | B2ReBrh g0 0]0
-1 -2 -3|-6 -1 -2 -3]-6 0 0 00
Consistent (no bad row), r =1, n = 3,s0 3 — 1 = 2 free variables (x,, x3).
Particular solution: set x, = x3 = 0, giving x; = 6: x, = (6,0,0).
Special solutions: x; = 1,x3 =0=x3 = —2:51 = (—-2,1,0). x, =0, x3 =1 = x; = —3:
Sy — (—3,0,]).
Complete solution:
6 -2 -3
x=|0|+s| 1 |+¢t] 0], s, t € R.
0 0 1

This is a plane of solutions in IR?, parallel to N(A) but passing through (6,0,0) rather than
the origin.

9.3 The rank

The rank of A is the number of pivots in any echelon form of A. Equivalently,
r =rank A = dimC(A) = dimC(AT),
and this same number is simultaneously

(number of independent columns) = (number of independent rows).
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Theorem 9.3 Row rank = column rank

For every matrix, the number of independent rows equals the number of independent
columns.

Why. Row reduction changes neither the row space nor the dependencies among columns. In the
RREF R, the nonzero rows are visibly independent (each has a leading 1 where the others have 0)
and there are r of them; the pivot columns are visibly independent and there are also r of them.
Hence both counts equal r. n

Remark - a genuinely surprising theorem

There is no obvious reason why counting independent rows should give the same answer
as counting independent columns — they are computations in different spaces (R" and
R™). Yet they always agree. This is the first fact of the Fundamental Theorem.

Theorem 9.4 Rank—Nullity Theorem

,

For any A € R™*",

rank A + dimN(A) =n ie. r+(n—r)=n.

In words: (pivot columns) + (free columns) = (all columns).

Intuition . conservation of information

,

A maps R" into R™. Some directions survive (rank r of them), the rest are crushed to
zero (n — r of them). Nothing is lost or created: the input dimension 7 splits exactly into
“survives” plus “collapses”.

Worked Example 9.4 - Tutorial 04, Q6 — rank with a parameter

a 1 2
Find therankof A= | 1 1 1 for each real a.
-1 1 1—a

Put the simple row on top: R; <+ Ry:

1 1 1 1 1 1
a1 2 ReaR, Rk, g 1_g 2—g
11 1-a 0 2 2—-a

Now eliminate in column 2. To avoid dividing by 1 — a, swap rows 2 and 3 first:

1 1 1 11 1
R — 53R
0 2 2-af —Z2 |0 2 y
0 1-a 2—a 00 (2—a)— 109

The (3, 3) entry is

2 —a) [1—1_”

] :(Z_a)'Z—;-l-a _ (2—a)2(1+a).

Therefore:
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Case (3,3) entry Rank

a#2anda# —1 nonzero rank A =3
a=2 0 rank A =2
a=-—1 0 rank A =2

Check via the determinant. Expanding, det A = —(a — 2)(a + 1), which vanishes exactly

2 1 2
ata = 2 and 2 = —1 — matching the pivot analysis. Ata = 2 the matrixis | 1 1 1 |,
=1 1 -1
whose first and third columns are equal: rank 2 v'.
9.4 The four fundamental subspaces
Definition 9.4 The four subspaces
For A € R™*" of rank r:
Subspace Lives in Dimension Basis from elimination
Column space C(A) R™ r pivot columns of A
Null space N(A) R" n—r special solutions
Row space C(AT) R" r nonzero rows of R
Left null space N(AT) R™ m—r from EA = R, last m — r rows of E
The left null space is so named because ATy = 0 is equivalent to yT A = 07 — y multiplies
A from the left.

Theorem 9.5 Fundamental Theorem of Linear Algebra

(i) Dimensions. dimC(A) = dimC(AT) =7, dimN(A) =n—r, dimN(AT) =m —r.

(ii) Orthogonality. In R": N(A) L C(AT) and together they fill R”. In R"™: N(AT) L
C(A) and together they fill R”. Formally,

N(A) =C(AT):, N(AT)=C(A)"L.

Proof of the orthogonality. x € N(A) means Ax = 0, i.e. every row of A dotted with x gives 0. So x

is orthogonal to every row, hence to every combination of rows — that is, to all of C(AT). The

dimension count (n —r) +r = n then shows they fill R” between them. Applying the same

argument to AT gives the second pair.

83



R" R™

row space C(AT) A: one-to-one [column space C(A)
dim =r [ dim =r
L L
null space N(A) A Eleft null space N(AT)
dim=n—r L dim=m—r

everything — 0

Figure 9.2: The Big Picture. A maps the row space one-to-one onto the column space, and crushes the null
space to 0. Within each of R and R™, the two subspaces are orthogonal complements.

Worked Example 9.5 - All four subspaces of one matrix

1 2 31
Find bases for the four subspacesof A= [1 1 2 1| (m=3,n=4).
1 2 31

Reduce.
1 2 3 1 1 011
A 2= B0, 0 o1 1 0 2T R=10 1 1 0
0O 0 0 O 0 00O

Pivots in columns 1,2: so r = 2.
1. Column space C R3, dim = 2. Basis = pivot columns of the original A:

C(A) =spany (1], |1

2. Row space C R*, dim = 2. Basis = nonzero rows of R:
C(AT") =span{(1,0,1,1), (0,1,1,0)}.
3. Null space C R?*, dim = 4 — 2 = 2. Free variables x3, x4.
* x3=1,x4 =0: row 2 gives x = —1; row 1 gives x; = —1. s = (—1,—1,1,0).

* x3 =0,x4 = 1: row 2 gives x, = 0; row 1 gives x; = —1. s, = (—1,0,0,1).

Check As1: (1—2+3,1—1+42-1...) — first component 1(—1) +2(—1) +3(1) + 1(0) =
-1-243=0V.

4. Left null space C R3, dim = 3 —2 = 1. Solve yTA = 0, i.e. find combinations of the
rows of A giving zero. Rows 1 and 3 of A are identical, so row; — rows = 0:

N(AT) = span{(1,0,—1)}.

Check: 1-(1,2,3,1) +0-(1,1,2,1) —1- (1,2,3,1) = (0,0,0,0). v’
Dimension audit. C(A) and N(AT):2+1=3=mv.C(AT)and N(A):2+2=4=n V.
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9.5 Rank, solvability and the shape of the answer

Theorem 9.6 Complete classification by rank

For A € R™*" with rank :

Case Meaning Ax =0

r=m=n square, invertible exactly one solution, for every b
r=n<m full column rank, tall 0 or 1 solution; N(A) = {0}
r=m<n full row rank, wide infinitely many solutions, for every b
r<m,r<n rank deficient 0 or infinitely many solutions

Worked Example 9.6 + Assignment 01, Q1(e) — geometry of the column space

Case t = 2. A(2)

Il
— =
N N =
N N =
=
@)
s
%)
N
)
=)
(oW
W
0
®]
=
5
2]
(=
Q.
o
Q
=
(oL,
(o)
S,
(S
=
=)
»
N
W
(o)
.
=)
2%
(oW
[¢)

Reducing:

1 11 1 11
——— (01 1 M 011

011 0 0 O
Rank 2, so C(A) is a plane through the origin in R3, spanned by (1,1,1) and (1,2,2).
A normal vector is found from n - (1,1,1) = 0 and n - (1,2,2) = 0; subtracting gives

ny + n3 = 0, and then n; = 0 is forced by neither — solving properly: 1y + 1, 4+ n3 = 0 and
11+ 2np +2n3 =0 give ny +n3 = 0and n; = 0,son = (0,1, —1). The plane is b, = bs.

1 11
Caset=0.A(0)= |1 0 2]|.Reducing:
1 20
1 1 1 1
R Ry Ry =Ry, _1 RetRo o 21 1
0o 1 -1 0 0 0

Rank 2 again — also a plane. Here rows = 2 row; — row in the original, so the consistency
condition is b3 = 2by — bs.

Summary. For t ¢ {0,2}, C(A) = R® and every b works. For t = 0 or t = 2, C(A) collapses
to a plane through the origin and only b in that plane are reachable. It is never a line or the
zero vector, since the first two columns stay independent for all £.
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9.6 Exam preparation

Exam Preparation - Chapter 9

The master identities
rank A + dimN(A) =n (rank-nullity)

dimC(A) = dimC(AT) =7, dimN(A)=n—r, dimN(AT)=m—r
N(A) =C(AT)L CR", N(AT)=cC(A)* CR"

Solvability
Ax = bsolvable <= b € C(A) < rank[A | b] = rank A.

complete solution = x, + N(A).

Where each basis comes from

C(A)  pivot columns of the original A

C(AT) nonzero rows of the RREF R

N(A)  special solutions (one per free variable)
N(AT) row combinations of A that give 0

Pitfalls
* C(A) CR"but N(A) C R". Different spaces.

 Using RREF columns as a basis for C(A). Row operations change the column space (but not the
row space or null space).

* The solution set of Ax = b is a subspace only when b = 0.

e Forgetting that “number of free variables” means free columns, i.e. n —r,not m —r.

Self-check

1. Ais 5 x 3 with rank A = 3. Give the dimensions of all four subspaces. Is Ax = b always
solvable?

2. Ais 3 x 5with rank A = 3. Same questions.

3. If N(A) = {0} for a 4 x 4 matrix, what is C(A)?

4. Show that N(A) € N(AT A), and in fact they are equal.

Answers

1. m =5n =3,7r = 3: dimC(A) = 3, dimN(A) = 0, dimC(AT) = 3, dimN(AT) = 2. Not
always solvable — C(A) is only a 3-dimensional subspace of R°. But when solvable, the solution
is unique.

2. m=3,n=57r=3 dimC(A) = 3 = R?, dimN(A) = 2, dimC(AT) = 3, dimN(AT) = 0.
Always solvable, never uniquely — co many solutions for every b.

3. dimN(A) =0,s07 =4 —0 =4and C(A) = R*. (A is invertible.)

4. If Ax = 0 then ATAx = AT0 = 0, giving C. Conversely if AT Ax = 0 then xT ATAx = 0, i.e.
|| Ax||* = 0, s0 Ax = 0. Hence equality — and by rank-nullity, rank(AT A) = rank A, a fact used
throughout Chapters 10 and 13.
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PART IV

Orthogonality
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Orthogonality, Projections and Least
Squares

Orthogonality is what turns linear algebra from bookkeeping into geometry. Perpendicular vectors
are automatically independent, orthonormal bases make coordinates trivial to compute, and orthog-
onal matrices preserve every length and angle they touch. This chapter also answers the question
elimination cannot: what do you do when Ax = b has no solution? The answer — project b onto
the column space — is least squares, the single most-used idea in applied linear algebra.

Strang §4.1 (“Orthogonality of the Four Subspaces”), §4.2 (“Projections”), §4.3 (“Least Sql?gIB(?SN%, ‘§§f21ed'
(“Orthonormal Bases and Gram-Schmidt”). Lecture 7 introduces orthogonality and orthonormal
matrices; the SVD notes revisit them.

10.1 Orthogonal vectors

Definition 10.1 Orthogonal

Vectors x, y € R" are orthogonal (perpendicular), written x L y, if
x-y=x'y=0.

Lecture 7’s summary: orthogonal = perpendicular; two vectors are orthogonal if the angle between
them is 90°, equivalently if their dot product is zero.

Remark - the zero vector is orthogonal to everything

0-y = O for every y, so 0 is perpendicular to all vectors — including itself. This is a
convention that keeps the theorems clean; it is the reason “orthogonal” does not by itself
imply “independent” unless the vectors are also nonzero.

Theorem 10.1 Pythagoras

For x,y € R",

L

2 2 2
xly < [x+yll” = lIx"+ vl

Proot. Expand: [|x+y||* = (x+v)T(x +vy) = ||x]|* + 22Ty + ||y||*>. The cross term vanishes
exactly when xTy = 0. n

88



Theorem 10.2 Orthogonal = independent

I If vy, ..., v are nonzero and mutually orthogonal, they are linearly independent.

Proof. Suppose c1v1 + - - - + v = 0. Take the dot product with v;. Every term ¢; v; - v; with i # j
vanishes by orthogonality, leaving

¢jv ) = ¢ [0y = 0.

Since v; # 0 we have ijHZ > 0, so ¢; = 0. This holds for every j. [

This is why orthogonal bases are so convenient: independence comes free, and — as we see
below — so do the coordinates. With a general basis, finding coordinates means solving a
linear system; with an orthogonal basis it means computing dot products.

10.2 Orthogonal complements

Definition 10.2 Orthogonal complement

For a subspace V C R”, its orthogonal complement is
Vt={xcR":x-v=0foreveryv € V}.
V1 is itself a subspace, dim V + dim V+ = n, and (V+)+ = V.

Remark - the four subspaces again

Chapter 9 already proved the two key instances:

N(A)=C(AT)*inR", N(AT)=C(A)*inR™.

Every vector in R" therefore splits uniquely into a row-space part and a null-space part.
That splitting is exactly what projection computes.

Worked Example 10.1 - Assignment 01, Q2(a)(e) — a plane as a null space

Letn=(2,—1,2)and P={x e R®:n-x = 0}. Show a = (1,0,—1) and b = (0,2,1) lie in
P, and explain geometrically why P is a plane through the origin.

Membership.
n-a=2(1)+(-1)(0)+2(-1)=2-2=0v

n-b=20)+(-1)2)+2(1) = -24+2=0V

Why a plane. P is the null space of the 1 x 3 matrix n' = [2 —1 2], which has rank 1. By
rank-nullity, dim P = 3 — 1 = 2 — a two-dimensional subspace of IR?, i.e. a plane through
the origin.

Geometrically, n - x = 0 says x makes a right angle with the fixed direction n. The set of all
directions perpendicular to a single direction in R is precisely a plane, and it must contain
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0 because 7 - 0 = 0. In the language above, P = span{n}*, and dimspan{n} + dim P =
11+2=3.
Since a,b € P are independent (Chapter 8) and dim P = 2, they form a basis of P.

Worked Example 10.2 - Assignment 01, Q2(d) — expressing a vector in the plane

Express r = (3,2, —2) as a combination of a = (1,0,—1) and b = (0,2,1), and hence
explain why r € P.

Solve cia + cob = r componentwise:
1 =3, 20 = 2, —c1+c = -2
The first gives ¢; = 3, the second ¢, = 1, and the third checks out: =3 +1 = -2 v'. So
r=23a+b.

Since P is a subspace containing a and b, it is closed under linear combinations, so r € P.
Direct verification: n-r =2(3) + (—1)(2) +2(-2) =6—-2—-4=0V.

10.3 Orthonormal sets and orthogonal matrices

Definition 10.3 Orthonormal

Aset{qi,...,qx} is orthonormal if

- J1 i=j (eachisa unitvector)
=0 i #j (mutually perpendicular)

Lecture 7 unpacks the word: ortho = orthogonal, normal = normalized to length 1.

Definition 10.4 Orthogonal matrix

A matrix Q with orthonormal columns satisfies
Q'Q=1
If Q is additionally square, then QTQ = QQT = I, so

Q—l — QT

and Q is called an orthogonal matrix. (Lecture 7 calls such a matrix orthonormal; both names
are in use, and Strang prefers “orthogonal matrix” for the square case.)

Common Pitfall -+ square matters

A tall matrix with orthonormal columns has QTQ = I,, but QQT # I,, — the latter is a
projection matrix, not the identity. Only for square Q do both products give I.
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Theorem 10.3 Orthogonal matrices preserve geometry

If QTQ = I then for all x, y:

(Qx)-(Qy) =x-y,  [Qx[ = Ix[,  £(QxQy) = £(x,y).
Moreover det Q = +1, and every eigenvalue of Q has [A| = 1.

Proof. (Qx)T(Qy) = xTQTQy = xTIy = xTy. Setting y = x gives ||Qx||* = ||x||*; angles follow
from the cosine formula since both dot products and lengths are preserved. For the determinant,
det(QTQ) = det(Q)?> = det = 1. |

Intuition « what orthogonal matrices are

detQ = +1: a rotation. detQ = —1: a reflection (or a rotation composed with one).
Nothing else. Orthogonal matrices are exactly the rigid motions of R" that fix the origin —
see Chapter 15, where rotation and reflection matrices appear explicitly, and note that each
one satisfies QTQ = I.

Worked Example 10.3 - Lecture 7, Example 1 — checking orthonormality

Write the columns as g1 = %(2, 1,2), g2 = %(—2, 2,1), 93 = %(1, 2,-2).
Unit length.

> =3@+1+4)=3=1 | =3@+4+1) =1, |g|°=31+4+4) =1V
Mutual orthogonality.

q1-92 = 5(2(-2) +1(2) +2(1)) = 4(—4+24+2) =0V

795 =1(2(1) +1(2) +2(-2)) = §(2+2-4) =0V

g2+ 45 = $(=2(1) +2(2) +1(~2)) = §(-2+4-2) =0V

So QTQ = I and, since Q is square, Q~! = QT — the inverse is had for free, with no
elimination at all. Here det Q = +1, so Q is a rotation of IR3.

Theorem 10.4 Coordinates in an orthonormal basis

If g1, ..., qx is an orthonormal basis of R”, then every v expands as

v=(v-q)q1+ (V- q2)g2+ -+ (V- qn)qn-

The coordinates are just dot products — no system to solve.

Proof. Write v = ) ; c;q; (possible since it is a basis) and dot with g;. Orthonormality kills every
term but one, leaving v - q; = ¢;. n
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10.4 Projections

Definition 10.5 Projection onto a line

The projection of b onto the line through a # 0 is the multiple p = £a that is closest to b.
Requiring the error e = b — p to be perpendicular to a gives a' (b — £a) = 0, hence

. a'b a'db aa' |
£=—, p—ma, P—mwﬁhp—Pb.

line span{a}

(a) projection onto a line

(b) projection onto a subspace

Figure 10.1: Projection drops b perpendicularly onto the subspace. The error e = b — p is orthogonal to
everything in the subspace, and p is the closest point to b within it.

Theorem 10.5 Projection onto a subspace

Let A € R™*" have independent columns, so C(A) is an n-dimensional subspace of R".
The projection of b onto C(A) is p = A% where £ solves the normal equations

| ATA2=ATb |

Explicitly,

£=(ATA)'ATh, p=A(ATA)'ATb=Pb, P=A(ATA)'AT.

Proof. The error e = b — A% must be orthogonal to every column of A, i.e. AT(b — A%) = 0, which
rearranges to ATA% = ATb. Since A has independent columns, N(A) = {0} and so (by the

self-check at the end of Chapter 9) N(ATA) = {0} too — hence AT A is invertible and # is unique.
]

Proposition 10.1 Properties of a projection matrix

P = A(ATA) AT satisfies
PT =P (symmetric), P2 =P (idempotent).

Its eigenvalues are all 0 or 1; rank P = dim C(A); and I — P is the projection onto C(A)+ =
N(AT).

Proof. PT = (A(ATA)_lAT)T = A((ATA)_l)TAT = P, using symmetry of ATA. And P? =
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A(ATA)"TATA(ATA)! AT = P. Idempotence says what you expect: projecting an already-
—_—

=1
projected vector changes nothing. n

Worked Example 10.4 - Projection onto a plane

10
WithA= |0 2
11
1 0
aTa_ |10 —1] 0 5 :[2 —1], ATy 101 :H.
02 1| ] -1 5 0+2+1| |3

Solve ATA% = ATb. Sincedet(ATA) =10—-1=09,

105 1 115 1| o] 13 1
ATA) T =2 , ¢ = - B A
S 9[1 2 : 9[1 2] H 9[6] H
Hence . )
1 0 3 3
p=A32=% 0 +§ 2| = % , e=b—p= —%
-1 1 1 2
3 3

Check the error is perpendicular to the plane: e-a; = % —0— % =0vande-a;, =
0-3+3=0v.

Note that e is a multiple of (2, —1,2) — the normal n from the Assignment 01 example,
exactly as the theory predicts, since N(AT) = C(A)+ = span{n}.

10.5 Least squares

Intuition - the problem elimination cannot solve

When A is tall (m > n) — more equations than unknowns — the system Ax = b usually
has no solution: b simply does not lie in the n-dimensional column space sitting inside R"™.
Rather than give up, we ask for the £ making A% as close to b as possible. Closest means
smallest error length, and the closest point in C(A) to b is the projection. So least squares is
projection.

Theorem 10.6 Least squares

The vector £ minimising || Ax — b||* is the solution of the normal equations
ATA%=ATb.

If A has independent columns this solution is unique.
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Method Fitting a straight line to data

To fit y = ¢ + dt through points (t1,y1), ..., (fm, Ym):

1+3+4+4
0+3+8+12

ATA =

4 6 , ATh —
6 14

_ [;;] |

From the first,c = 3 — %d. Substituting: 18 —9d + 14d = 23,505d =5,d =l and c = %
Best line: y = % A 1%
Errors. Predicted valuesatt = 0,1,2,3 are %, 5 %, %, SO

The normal equations are

4c+6d =12, 6c + 14d = 23.

Check orthogonality to the columns of A: e-(1,1,1,1) = —% + % + % — % =0Vv;e-
(0,1,2,3) =0+ 1 +1— 32 =0 . The total squared error is le|* = 4- 1=
line does better.

1, and no other

10.6 Gram-Schmidt and QR

Method Gram—Schmidt orthogonalization

Given independent ay, . .., a,, build an orthonormal g3, . . ., g, spanning the same space:

wy = ay, g1 = w1/ ||w||
wy = ay — (a2 - q1)q, g2 = wa/ ||ws||
w3 =a3— (as-q1)q1 — (a3 - 42)q2, g3 = w3/ ||[ws||

At each step: subtract off the projections onto everything already built, then normalise what
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remains.

Theorem 10.7 QR factorization

,

Every A € R™*" with independent columns factors as
A=QR

with Q € R™*" having orthonormal columns (QTQ = I) and R € R"*" upper triangular
with positive diagonal, where r;; = g; - a;.

Remark - why OR beats the normal equations

,

Substituting A = QR into ATA2 =ATb gives RTQTOR% = RTQ"b, ie. simply
Rz = Q'b,

a triangular system. This is what numerical libraries actually solve: forming AT A squares
the condition number and can lose half the available precision, whereas QR does not.

Worked Example 10.6 - Gram—Schmidt on two vectors

Orthonormalise a; = (1,1,0) and a, = (1,0,1).

wy = (1,0,1) - & - 2-(1,1,0) = (1,0,1) - }(1,1,0) = (},-3,1).

—(1,-1,2).
~(1,-1,2

Check: g1 -2 = (1 -1+0) =0V, and lg2> =11 +1+4)=1V.
The corresponding R is

R =

Qo quea| _ [V2
0 qo - ar 0

il
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10.7 Exam preparation

Exam Preparation - Chapter 10

Core formulas

xly < xTy =0, QTQ =I=0Q = QT (square Q)

a'b

p=-—-4a (onto a line), ATA2 = ATb (normal equations)
a'a

P=A(ATA) AT, PT=p, P2=P
Facts
¢ Nonzero orthogonal vectors are automatically independent.
¢ Orthogonal matrices preserve lengths, angles and dot products; det Q = +£1.
¢ In an orthonormal basis, coordinates are dot products.
e Least squares = projection onto C(A); the error e = b — p lies in N(AT).

e ATAisinvertible <= A has independent columns.
Pitfalls
* Orthogonal # orthonormal — orthonormal also demands unit length.

¢ For non-square Q with Q'O =1,0Q"isa projection, not I.
e Forgetting to normalise at each Gram-Schmidt step (then the formulas need w"w divisors).

 Writing £ = A~!b for a rectangular A.
Self-check

1. Project b = (1,2,3) onto the line through a = (1,1,1).

2. Show that if P is a projection matrix then so is I — P, and identify what it projects onto.

3. Are (1,2,-1), (2,—1,0), (1,2,5) mutually orthogonal? If so, normalise them.

4. Fit the best horizontal line y = ¢ to the data y = 1,3,5. What is ¢, and why is that unsurprising?

Answers
1. a'b=6,a'a=3,s0% =2and p=2(1,1,1) = (2,2,2). Error (—1,0,1), which indeed satisfies
e-a=0.

2. (I-P)T=I—-Pand (I-P)>=1-2P+P?>=1-2P+P = I— P. It projects onto C(A)* =
N(AT),and b = Pb + (I — P)b is the splitting into the two complementary pieces.
3. (1,2,-1)-(2,-1,0) = 2-2+40 = 0v; (1,2,-1)- (1,2,5) = 1+4—5 = 0 v; (2,—1,0) -

(1,2,5) =2—2+0=0 . Yes. Normalising: %(1,2, -1), %(2, -1,0), \/%(1,2,5).

4. A=(1,1,1)T,50 ATA =3 and ATb = 9, giving c = 3 — the mean of the data. Least squares
with a single constant column always returns the average, which is exactly what “minimise the
sum of squared deviations” means in elementary statistics.
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PART V

Eigenvalues, Eigenvectors and
Decompositions
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Eigenvalues and Eigenvectors

Most vectors change direction when multiplied by A. A few special ones do not — they only stretch
or shrink. Those are the eigenvectors, and the stretching factors are the eigenvalues. Finding them
amounts to finding the coordinate system in which A is at its simplest, and that single idea powers
differential equations, Markov chains, vibration analysis, PageRank, PCA and face recognition.
This chapter covers the definition, the characteristic polynomial, and the properties needed for
Tutorial 06.

Strang §6.1 (“Introduction to Eigenvalues”), §6.2 (“Diagonalizing a Matrix”). Lecture 6;%%gﬁéls&ed'
Parts A and B are entirely on this chapter and the next.

11.1 The definition

Definition 11.1 Eigenvalue and eigenvector

Let A € R"*". A scalar A is an eigenvalue of A if there is a nonzero vector x € R" with

Such an x is an eigenvector of A corresponding to A. The set
Ey={xeR": Ax = Ax} = N(A - AI)

is the eigenspace of A; it consists of all eigenvectors for A together with 0.

Common Pitfall - Tutorial 06, Q1(b) — why x # 0 is essential

The equation A0 = A0 holds for every scalar A and every matrix A. If 0 were allowed as an
eigenvector, every real number would be an eigenvalue of every matrix and the definition
would carry no information whatsoever. Excluding 0 is what makes “A is an eigenvalue” a
genuine constraint.

Note the asymmetry: the eigenvector must be nonzero, but the eigenvalue may perfectly well
be 0 — and A = 0 occurring means precisely that A is singular.

Intuition - what the equation says

Ax is normally a rotated, stretched, sheared version of x. For an eigenvector, all the rotating
and shearing cancels and only pure scaling remains: x and Ax lie on the same line through
the origin. The eigenvector picks out a direction that A leaves invariant; the eigenvalue
says by how much that direction is stretched (|A| > 1), shrunk (J]A| < 1), flipped (A < 0) or
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I annihilated (A = 0).

Ax = \x
v
x
V=25
(a) an ordinary vector (b) an eigenvector
direction changes same line, only scaled

Figure 11.1: Eigenvectors are the directions A does not rotate.

11.2 Finding eigenvalues

Theorem 11.1 Tutorial 06, Q3(a) — the characteristic equation

A is an eigenvalue of A if and only if

det(A — AI) =0

Proof.
Ax=Ax <= Ax—Ax=0 <= (A—Al)x=0.

By definition A is an eigenvalue iff this has a solution x # 0, i.e. iff N(A — AI) # {0}, i.e. iff
A — Al is singular — which by the Invertible Matrix Theorem is equivalent to det(A — AI) = 0.
|

Common Pitfall « write A, not A

A — A is meaningless: you cannot subtract a scalar from a matrix. The identity matrix must
be there. In practice this means subtracting A from every diagonal entry and leaving the rest
alone.

Definition 11.2 Characteristic polynomial

pa(A) = det(A — Al

is a polynomial of degree exactly # in A. Its roots are the eigenvalues. (Some texts, including
Tutorial 06 Q5, use pa(t) = det(tI — A) instead, which differs by a factor (—1)" and is
always monic — the roots are identical.)

Corollary 11.1 Tutorial 06, Q3(b)

0is an eigenvalue of A <= det(A) =0 <= Aissingular.

Proof. Set A = 0 in the characteristic equation: det(A — 0I) = det A = 0. |
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Method Computing eigenvalues and eigenvectors

Form A — Al (subtract A down the diagonal).
Compute det(A — AI) and set it to 0.
Solve for the roots Ay, ..., A, (with multiplicity).

= N =

For each A;, solve (A — A;I)x = 0 by elimination. The special solutions form a basis of
the eigenspace Ej,.

5. Check: Y A; =trAand []A; = det A.

Worked Example 11.1 - Lecture 6 —a 2 x 2 example in full

4 -2
Find the eigenvalues and eigenvectors of A = 1 1 ] .
Characteristic equation.
A A= 4—A =2 ’
1 1-A

det(A—AI) = (4—A)(1—=A) = (=2)(1) =4—-5A+A2+2 =72 —5)1 +6.
Factoring, (A —2)(A —3) =0, so

A =2, Ay =3.

Check: A + Ay =5=trA=4+1vand A, =6=detA=4—(-2)=6V.
Eigenvector for A; = 2. Solve (A —2I)x = 0:

53zl

Both rows give the same equation x; = x,. Taking x, = 1:

= H .

:2x1\/.

Check: Ax; = [4 - 2] = 2

1+1 2
Eigenvector for A, = 3. Solve (A —3I)x = 0:

1 -2 X1 0
= = X1 = 2Xp.
1 -2 X2 0

- H

= lg] :3x2\/.

Taking x» = 1:

8—-2

Check: Axp; =
241
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Common Pitfall - eigenvectors are never unique

Every nonzero multiple of an eigenvector is again an eigenvector for the same A (Tutorial 06
Q1(c)). So (1,1), (2,2) and (—5, —5) are all valid answers above. Quote any convenient
one — usually the one with smallest integer entries — and never write “the” eigenvector as
though it were unique.

Worked Example 11.2 < A 3 X 3 example

2 00
Find the eigenvalues and eigenvectorsof A = |1 3 1].
113

Characteristic polynomial. Expand along the first row, which has two zeros:

2—A 0 0
det(A—Al)=| 1 3-A 1 :(2_)\)[(3_)\)2_1].
1 1 3—A

Now (3—A)2—1=B83-A-1)3-A+1)=(2—-A)(4—A),s0
pa(h) = 2-2)*(4- 7).
Eigenvalues: A = 2 (algebraic multiplicity 2) and A = 4.

Check:2+2+4=8=trA=2+3+3v;2-2-4=16,anddetA=2(9—-1) =16
Eigenspace for A = 4.

-2 0 0 1 0 O 1 0 O
A-4[=|1 -1 1| — |0 -1 1| — (01 —1
1 1 -1 0o 1 -1 00 O

So x; = 0and x; = x3. Withxz =1: x = (0,1,1).
Eigenspace for A = 2.

0 0O 111
A-2I=(1 1 1| — (0 0 O
1 11 000

One pivot, two free variables: dim E; = 2. The single equation is x1 + x2 + x3 = 0, giving
special solutions
x=(-110) and x=(-10,1).

Multiplicities. For A = 2: algebraic multiplicity 2 (double root) and geometric multiplicity
2 (dim E; = 2). They match, so A is diagonalizable — see Chapter 12.

101



11.3 Properties of eigenvalues

Theorem 11.2 Tutorial 06, @5 — trace and determinant

If Ay, ..., Ay, are the eigenvalues of A listed with algebraic multiplicity, then

(rA=M+A+- Ay,  detA=A1Ap Ay |

These hold whether or not A is diagonalizable.

Proof. Write the characteristic polynomial in the monic form p4(t) = det(t] — A) = t" — c1#" ! +
o4 (=1)"cy.

Expanding det(t] — A), the only way to reach degree n or n — 1 is to take the product of all n

diagonal entries (t — a;;); any other term in the Leibniz expansion misses at least two diagonal

entries and so has degree < n — 2. Multiplying out,

n

[T(t—aq) =" — (Zaﬁ)t"—l .,

i=1
so ¢ = tr A. Setting t = 0 gives p4(0) = det(—A) = (—1)" det A, and from the polynomial form
pa(0) = (—1)"cy; hence ¢, = det A.

On the other hand, factoring over C, p4(t) = [T;(t — A;), whose t"~! coefficient is — }_A; and
whose constant term is (—1)" [T A;. Comparing coefficients gives both identities.

Part (c). Nothing in this argument used diagonalizability — only the factorization of p4 over C,
which the Fundamental Theorem of Algebra always supplies. So the identities survive repeated
eigenvalues and defective matrices alike. n

Remark - the two-second sanity check

Before writing down any eigenvalues, compute tr A and det A. If your eigenvalues do not
sum to the trace and multiply to the determinant, you have made an arithmetic error —
go back. For 2 x 2 matrices this is often faster than the characteristic polynomial: solve
A+ Ay =tr A, AjA; = det A directly.

Theorem 11.3 Tutorial 06, Q2 — powers and polynomials

Suppose Ax = Ax with x # 0. Then:
(a) A*x = Akx for every positive integer k;

(b) p(A)x = p(A)x for every polynomial p;
(c) A~'x = A~x when A is invertible;

(d) (A+cl)x = (A+o)x.
In every case the eigenvector is unchanged — only the eigenvalue transforms.

Proof. (a) By induction on k. Base case k = 1 is the hypothesis. Assume A¥x = Afx. Then
Ay = A(AFx) = A(AFx) = AR (Ax) = AR(Ax) = Ay,

completing the induction.
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(b) With p(t) = ap + art + - - - + ant™,
pA) = Lty = Y akx = (L adt)x = p()x
k=0 k=0 k=0

(Here AY = I, so the constant term behaves correctly.)

() If A is invertible then A # 0 (else A would be singular). Multiply Ax = Axby A~ x = LA~ lx,

so A”lx = 1x.

(d) (A+cl)x =Ax+cx = (A +o)x. |

Worked Example 11.3 - Tutorial 06, Q2(c) — the converse fails

Every eigenvector of A is an eigenvector of A™. Give a counterexample showing an
eigenvector of A™ need not be an eigenvector of A.

Every nonzero vector is an eigenvector of A% = I (with eigenvalue 1). But the eigenvectors
of A itself are only the multiples of (1,1) (with A = 1) and of (1, —1) (with A = —1).

So x = (1,0) is an eigenvector of A% but not of A: indeed A(1,0) = (0,1), which is not a
multiple of (1,0).

Why the asymmetry? Squaring merges information: A and —A both become A2, so the
eigenspaces of A2 can be strictly larger than those of A. Here E1(A) and E_;(A) are lines
that fuse into all of R? for A2.

Theorem 11.4 Tutorial 06, Q4 — distinct eigenvalues give independence

Eigenvectors corresponding to distinct eigenvalues are linearly independent.

Proof for two, then in general. Two vectors. Let Ax; = A1xq, Axp = Arxp with Ay # Aj, and suppose
c1x1 + coxo = 0. ()
Apply A: c1A1x1 + coAxp = 0. Now subtract Ay X ():
c1(A1 —Az)x; = 0.

Since A1 # Ay and x1 # 0, we get c; = 0; then (x) forces cox; = 0 and hence ¢; = 0.

General case, by induction on k. Suppose the result holds for k — 1 eigenvectors and let c;x; +
-+ crxp = 0. Apply A and subtract A times the original:

k-1
Y ci(Ai = Ap)xi = 0.
i=1

By the inductive hypothesis the k — 1 vectors x1, . .., x;_1 are independent, so ¢;(A; — Ax) = 0 for
each i < k. The eigenvalues are distinct, so ¢; = 0 for i < k, and then ¢; = 0 too. [ |
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Corollary 11.2 Tutorial 06, Q4(c)

An n x n matrix with n distinct eigenvalues has n independent eigenvectors, hence is
diagonalizable.

Common Pitfall - the converse is false

,

Distinct eigenvalues are sufficient but not necessary for diagonalizability. I has the single
eigenvalue 1 repeated n times and is already diagonal. See Chapter 12, Tutorial 06 Q6(d).

11.4 Eigenspaces are subspaces

Theorem 11.5 Tutorial 06, Q1(d)

I For each eigenvalue A of A, the eigenspace E, = ker(A — AI) is a subspace of R".

Proof. E) is by definition the null space of the matrix A — AI, and null spaces are subspaces
(Chapter 9). Directly: A0 =0=A0,s00 € E). Ifu,v € Ey and c,d € R then

A(cu+dv) = cAu+ dAv = cAu+ dAv = A(cu + dv),

socu—+dov € E,. [ |

Definition 11.3 Algebraic and geometric multiplicity

For an eigenvalue A of A:
e the algebraic multiplicity AM(A) is its multiplicity as a root of p4;

* the geometric multiplicity GM(A) is dim E; = n — rank(A — AI).

Always
1 <GM(A) < AM(A).

When GM < AM the eigenvalue is called defective.

Worked Example 11.4 - A defective matrix

3—-A 1

det(A—AD =" "

So A = 3 with AM = 2. For the eigenspace,

A—3]= [0 ! ,
0 0
. _fo 1 .
which has rank 1, so GM = 2 —1 = 1. Solving 0 0] x = 0gives xp = 0, s0 E3 =

span{(1,0)} — only a line.
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Since GM = 1 < 2 = AM, this matrix is defective and cannot be diagonalized: there is no
basis of R> made of its eigenvectors. It is a shear (Chapter 15), and a shear genuinely has
only one invariant direction.

11.5 Special matrices and their eigenvalues

Matrix type Eigenvalues Eigenvectors

Diagonal / triangular the diagonal entries read off directly for diagonal
Symmetric ST = S all real can be chosen orthonormal
Orthogonal QTQ =1 |A| =1 (possibly complex) orthogonal

Projection P? = P only 0 and 1 C(P) and N(P)

Singular includes A =0 N(A) = Egy

Rotation in R? (8 # 0, ) complex, ettt no real eigenvectors

Nilpotent Ak =0 allA =0 defective

Proposition 11.1 Triangular matrices

l If A is triangular, its eigenvalues are exactly its diagonal entries.

Proof. A — Al is triangular with diagonal entries a;; — A, and the determinant of a triangular matrix
is the product of its diagonal entries (rule D7). So pa(A) = [;(a;; — A), whose roots are the a;;. B

Worked Example 11.5 - A rotation has no real eigenvectors

Find the eigenvalues of the 90° rotation R = [(1) _01] .

—-A -1

N =A+1=0 = \=4i

det(R — AI)

There are no real eigenvalues — and geometrically that is obvious: a rotation by 90° moves
every nonzero vector off its own line, so no real direction is preserved.

The eigenvalues satisfy |A| = 1, as they must for an orthogonal matrix, and AjA, = i(—i) =
1=detRv,A{+A,=0=1trR V.

. cosf) —sinf
Contrast the general rotation Ry =

) , whose eigenvalues are cos @ £isinf =
sinf cos6

e*®. Real eigenvectors exist only when sinf = 0, i.e. § = 0 (identity) or § = 7 (point
reflection, A = —1 twice).
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11.6 Similar matrices

Definition 11.4 Similarity

A and B are similar, written A ~ B, if there is an invertible P with

B=P lAP.

,

Theorem 11.6 Tutorial 06, Q7 — similarity preserves the spectrum

If B= P 1AP then:

(a) A and B have the same characteristic polynomial, hence the same eigenvalues with
the same algebraic multiplicities;

(b) if Ax = Ax then P~!x is an eigenvector of B for the same A;
(c) Aisdiagonalizable <= B is diagonalizable;
(d) tr A = tr Band det A = detB.

Proof. (a)
det(B — AI) = det(P"'AP — AP'P) = det(P (A — AI)P)

— det(P~") det(A — AI) det(P) =

1
JotP det(A — AI)detP = det(A — AI).

(b) Put y = P~!x, which is nonzero since P~ is invertible. Then

By =P 'APP'x = P 'Ax = P 1Ax = Ay.

() If A= XAX !then B= P 1XAX 1P = (P'X)A(P~!X)1, so B is diagonalized by P~'X.
The converse is symmetric since A = PBP~ L.

(d) Immediate from (a), or directly: tr(P~1AP) = tr(APP~!) = tr A by the cyclic property, and
det(P~1AP) = det A as computed above. [

Intuition - Tutorial 06, Q7(d) — what similarity means

A and B = P~ AP are the same linear transformation written in two different bases, with
P the change-of-basis matrix. Reading By from right to left: P converts y from the new
coordinates into the old ones, A acts, and P~! converts back.

Since the underlying geometric operation is unchanged, any quantity that is intrinsic to
the transformation — eigenvalues, trace, determinant, rank — must be identical for A and
B. Only basis-dependent things like individual matrix entries differ. This is exactly why
diagonalization is worth doing: it hunts for the basis in which the entries are as simple as
possible.
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11.7 Exam preparation

Exam Preparation - Chapter 11

The procedure
det(A—AI)=0 = A; then (A-AIx=0 = x;.
Identities to check every answer against

Z)\iZtI‘A, H)\iZdetA.
i i

Transformation rules (eigenvector unchanged)

AF AR A7l 1/
A+cl A4c cA cA
p(A)  p(A) AT ) (same eigenvalues)

Facts
* Eigenvectors must be nonzero; eigenvalues may be zero.

* A =0occurs <= A issingular.
* Distinct eigenvalues = independent eigenvectors.
1 <GM(A) < AM(A).

Triangular = eigenvalues are the diagonal entries.

* Similar matrices share eigenvalues, trace, determinant and rank — but not eigenvectors.
Pitfalls

e Writing det(A — A) instead of det(A — AI).

¢ Reporting x = 0 as an eigenvector.

* Assuming real matrices have real eigenvalues — rotations do not.

* Assuming a repeated eigenvalue means non-diagonalizable.

e Forgetting that A and AT share eigenvalues but generally not eigenvectors.
Self-check

1. Find the eigenvalues and eigenvectors of [ 3].

2. Ais3 x 3withtr A =6,detA = 6,and A = 1is an eigenvalue. Find the other two.

3. Prove that A and AT have the same eigenvalues.

4. If A2 = A (a projection), what are the possible eigenvalues?

Answers

1.tr=7,det =10—4 = 6,50 A2 —7A+6 = 0 gives A = 1,6. For A = 1: [%‘ﬂx = 0 gives
x=(1,-1). ForA =6: {’11 i] x =0givesx = (4,1).

2.1+ A +A3 =6and 1:-AA3 = 6,50 Ay + A3 = 5and ApA3 = 6: the roots of > — 5t +6 = 0,
namely 2 and 3.

3. det(AT — AI) = det((A — AI)T) = det(A — AI) by rule D9. Identical characteristic polynomials,
hence identical eigenvalues.

4. If Ax = Ax then Ax = Ax = A%x = A%x, 50 (A> — A\)x = 0 with x # 0. Hence A(A — 1) = 0: only
A=0orA =1
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Diagonalization and the Spectral Theorem

Lecture 6 states the purpose plainly: diagonalizing a matrix simplifies complex linear transformations
and heavy matrix computations by converting them into a diagonal matrix. If A = XAX ! then A% =
XAX~1 and raising a diagonal matrix to the hundredth power is 1 scalar exponentiations. This
chapter proves when diagonalization is possible, what to do when it is not, and why symmetric
matrices are always the best case.

Strang §6.2 (“Diagonalizing a Matrix”), §6.3 (“Symmetric Positive Definite Matrices”)szEégfu‘rgt%?d'
slides 20-29; Tutorial 06 Q6 and Part B.

12.1 The eigen-decomposition

Theorem 12.1 Diagonalization

Let A € R™" have n linearly independent eigenvectors x,...,x, with eigenvalues
A1, ..., A,. Put them into matrices

X=[x1x - x3], A = diag(A1, A2, ..., Ay).

Then X is invertible and

AX = XA, X TAX = A, A=XAXL

Such an A is called diagonalizable.

Tutorial 06, Q6(a). Multiply A by X column by column. Using the column view of matrix multiplica-
tion,
AX =[Ax) Axy -+ Ax,| = [Mx1 Aaxp -+ Apxy .
On the other hand, multiplying X on the right by the diagonal matrix A scales column j of X by
A
]
XA =[Mx1 Apxp -+ Ayxy .

The two agree, so AX = XA. Because the eigenvectors are independent, X has independent
columns and is therefore invertible; multiplying on the left by X! gives X 1AX = A, and on
the right by X! gives A = XAXL. n

Common Pitfall - the order must match

Column j of X must be an eigenvector for the eigenvalue in position j of A. Swap two
columns of X and you must swap the corresponding diagonal entries of A. The decomposi-
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tion is not unique — reordering, and rescaling any eigenvector, both give valid alternatives.
Also note the side: A = XAX™!, with X on the left. The common slip A = X 'AX
diagonalizes a different matrix.

Theorem 12.2 Tutorial 06, Q6(b) — powers

If A = XAX ! then for every positive integer k,
AR =xAFx=1, AR =diag(AL,..., AK).

If in addition A is invertible, the same formula holds for negative k.

Proof. By induction. For k = 1 it is the hypothesis. Assuming A = XA¥X1,

AR = AFA = (XAFXTH)(XAX ) = XAFXTIX AXT! = XAFIX L
I

The inner X !X collapsing to I is the whole point: in the middle of a long product, all the X’s

annihilate one another and only the A’s survive. n
v X! X 1o
standard basis eigenbasis
I/
A¥ (hard) | A (easy!)

\
A

N
Akp AX1y
standard basis X scaled

Figure 12.1: Why diagonalization pays. The direct route A* needs k — 1 matrix products; the detour
through the eigenbasis needs only n scalar powers.

Worked Example 12.1 « Lecture 6 — diagonalizing and taking a power

From Chapter 11: A; =2 withx; = (1,1),and A, = 3 withx, = (2,1).

Assemble.
X — 1 2 ’ A 20 .
1 1 0 3

SincedetX =1—-2= —1,

Verify A = XAX 1. First
XA — L 2112 0 _ |26 ,
1 1{|0 3 2 3
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then
amx-i= 2 o[ 2] -
2 3 1 -1
Fifth power. A° = diag(2°,3°) = diag(32,243), so
2 0|[-1 2] [32 48] [-1 2
0 243 1 —1| |[32 243 1 -1

~324+486 64— 486] B [454 —422]

246 4—6| [4 —2
243 4-3

1 2
11

A’ =XA°X ! = [

—32+243 64 —243 211 —-179

Check: tr A> =454 — 179 = 275 = 324243 = A] + A5 v/, and det A°> = (det A)° = 6° =
7776; directly 454(—179) — (—422)(211) = —81266 + 89042 = 7776 v .

12.2 When is a matrix diagonalizable?

Theorem 12.3 Diagonalizability criterion

A € R™" is diagonalizable if and only if it has n linearly independent eigenvectors.
Equivalently:

A is diagonalizable <= GM(A) = AM(A) for every eigenvalue A.

Situation Diagonalizable? Example

n distinct eigenvalues always yes [17%]
Repeated A, GM = AM yes I, or ﬁ % g}
Repeated A, GM < AM no (defective) [33]
Symmetric ST = S always yes, orthogonally any S

Worked Example 12.2 - Tutorial 06, Q6(c)—(d) — repeated eigenvalues both ways

Explain, with examples, why a repeated eigenvalue does not automatically prevent diago-
nalization.

Repeated but diagonalizable. Take A = 05

has AM = 2. But A — 51 = O, which has rank 0, so GM = 2 — 0 = 2. Every vector in IR? is
an eigenvector; the matrix is already diagonal.

More substantially, the 3 x 3 example of Chapter 11 with p4(A) = (2 — A)?(4 — A) had
GM(2) = 2 = AM(2) and is diagonalizable, with

] =5I. Then pa(A) = (5—A1)%,s0A =5

0 -1 -1
X=1{1 1 0|, A=diag(4,2.2).
1 0 1
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Repeated and not diagonalizable. Take A = 0 0

has rank 1, so GM = 1. Only one independent eigenvector exists, X cannot be formed, and
A is defective.

;.AgainAM:2,butA—3I: s 1]

The moral. What matters is not whether eigenvalues repeat, but whether each eigenvalue
supplies as many independent eigenvectors as its algebraic multiplicity demands. Repetition is an
opportunity for failure, not a guarantee of it.

Remark - when diagonalization fails: the Jordan form

Al

Every square matrix is similar to a Jordan form — block diagonal with blocks | A ™

Diagonalizable matrices are exactly those whose Jordan blocks are all 1 x 1. This is beyohd
SCS 1306 but worth knowing exists: it explains what the “missing” eigenvectors are
replaced by.

12.3 Symmetric matrices: the spectral theorem

Theorem 12.4 Spectral Theorem

Let S € R"*" be symmetric (ST = S). Then:
(i) all eigenvalues of S are real;

(ii) eigenvectors for distinct eigenvalues are orthogonal;
(iii) S has an orthonormal basis of eigenvectors — even when eigenvalues repeat;

(iv) consequently

S =QAQ"

with Q orthogonal (Q'= Q") and A real diagonal.
Every symmetric matrix is diagonalizable, and diagonalizable orthogonally.

Proof of (ii). Let Sx = Ax and Sy = puy with A # u. Then
Mx-y) = (Sx)'y =x7STy = xTSy = u(x-y),

where symmetry was used in the middle. Hence (A — u)(x - y) = 0, and since A # p we get
x-y=0. n

Intuition -« the best possible situation

S = QAQT says: rotate into the eigenvector frame (QT), scale each axis independently
(A), rotate back (Q). No shearing, no distortion of angles — a symmetric matrix acts as
pure stretching along n mutually perpendicular axes. This is why AT A being symmetric
(Chapter 6) is the key that unlocks the SVD.
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Worked Example 12.3 « Orthogonal diagonalization of a symmetric matrix

Diagonalize S = E ;] orthogonally.

Eigenvalues. trS = 6,detS =9 —1 :8,so)\2—6)\—|—8:0give5/\:2and)\ =4,

-1 1
] 1] , giving x; = xp,s0x = (1,1). For A = 2:

Eigenvectors. For A = 4: (S —4I) = [
1 1) ..
(S—2I) = 1 1|’BVInB XL = —¥2,50% = (1,-1).

Orthogonality check. (1,1) - (1,—1) =1 —1 = 0 v'— as the spectral theorem guarantees,
without our having to arrange it.
Normalise.

1 1 1 1
_ 1 _ 1 _ 1 _

4 0
0 2|
Q is orthogonal: QTQ = % (2) 0] =1v.

Verify.

T_.|1 1 4 0l 1 1 g4 2|1 1| 6 2| (31| _
QAQ _2[1 —1] [o 2] [1 —1]_2[4 —2] [1 —1]_2[2 6]_[1 3]_5"/

Note Q here is a reflection (detQ = —1); using g2 = (—1,1)/+/2 instead would give a
rotation. Both are valid.

12.4 Positive definite matrices

Definition 12.1 Positive definite / semidefinite

A symmetric S is
* positive definite if x'Sx > 0forall x #0;

* positive semidefinite if x" Sx > 0 for all x.

Theorem 12.5 Equivalent tests

For a symmetric S, the following are equivalent:
(1) Sis positive definite;

(2) all eigenvalues A; > 0;
(3) all pivots in elimination are positive;
(4) all leading principal minors are positive;

(5) S = AT A for some A with independent columns.
Replacing every “>" by “>" gives the semidefinite versions (with (5) becoming S = ATA
for any A).
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(1) <= (2). Write S = QAQT and substitute y= QTx:
n
x'Sx=x"QAQTx =y Ay = ZAiyf.
i=1

Since Q is invertible, x # 0 <= y # 0. The sum is positive for all such y exactly when every
Ai > 0 (take y = e; to see the necessity). [ |

Worked Example 12.4 - Testing positive definiteness

By leading minors.

A =2>0, Ay = =4-1=3>0,

-1 2

As=detS=2(4—1)— (-1)(-2-0) =6—-2=4>0.

All positive, so S is positive definite.

By pivots. Elimination gives pivots 2, 3, 3 — all positive, and their product2-3 -3 =4 =
detS v.

By eigenvalues. They are 2 — /2 ~ 0.586, 2, 2 + /2 ~ 3.414 — all positive. Their sum is
6 = tr S v'and their productis (4 —2)-2 =4 =detS v.

This S is Strang’s second-difference matrix, which appeared in Chapter 2. It is positive
definite for every size n.

12.5 An application: Markov chains

Worked Example 12.5 « Long-run behaviour of a Markov matrix

A city’s population moves between two districts each year: 10% of district A moves to B,
and 20% of B moves to A. With py = (ai, b) the populations after k years,

09 02
= A ” A = .
Prt1 = £Pk [0.1 0.8]

What happens as k — c0?

Eigenvalues. tr A = 1.7, det A = 0.72 — 0.02 = 0.7, so A2 —1714+0.7 =0, giving
A =1, A = 0.7.

(A = 1is automatic for any Markov matrix, since the columns sum to 1 and hence AT has

eigenvector (1,1) for A = 1.)

—-0.1 02
01 -02

Eigenvectors. For Ay = 1: (A—1) = [ ] gives a = 2b, so x; = (2,1). For

113



h=07:(A=07D) = | ©

Long run. Writing pg = c1x1 + c2x2,

0.2 0.2] gives 1 = —b, 50 % = (1, —1).

Prx = Akpo = cl(l)kxl —+ C2(0.7)kx2 k—>—oo> Cc1Xx1,

because 0.7 — 0. The population settles into the steady state proportional to (2,1) — two
thirds in district A, one third in B — regardless of where it started.

This is the entire theory of Markov chains in one calculation: the eigenvalue 1 gives the
equilibrium, and every other eigenvalue has [A| < 1 and dies out. The second largest |A|
controls how fast it converges.

12.6 Exam preparation

Exam Preparation . Chapter 12

The decompositions
A = XAX"! (general, needs n independent eigenvectors)
S= QAQT (symmetric, always exists, o l= QT)

AF = XAFX1, AR =diag(A%, ..., AF)
Diagonalizability checklist

n distinct eigenvalues diagonalizable (sufficient, not necessary)
GM(A) = AM(A) forall A diagonalizable (the real criterion)

ST =5 diagonalizable, and orthogonally so
some GM < AM defective, not diagonalizable

Pitfalls
¢ Mismatching the order of columns in X with the diagonal of A.

e Writing A = X 'AX.
Concluding “repeated eigenvalue = not diagonalizable”. Check GM.

e For symmetric S, forgetting to normalise the eigenvectors before claiming Q is orthogonal.

* Assuming A diagonalizable = A invertible. A diagonalizable matrix can have A = 0 (e.g. any
projection).
Self-check

1. Diagonalize [} 3] and use it to find A*.
2. Show that if A is diagonalizable with all |A;| < 1, then A¥ — O.

3. Prove that a projection matrix P (PT = P, P2 = P) is diagonalizable with A containing only 0s
and 1s.

4. Is {% > (1)} diagonalizable?
002

Answers
1. Triangular, so A = 1,3. For A = 1: [J3] x = 0 gives x = (1,0). For A = 3: [ 23] x = 0 gives
x=(1,1).50 X =[}1], X1 =[}{7'], and A* = X diag(1,81)X 1 = [} §].
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2. AF = XA¥X~1 and every )\5‘ — 0,50 A¥ — O and hence A¥ — XOX~1 = 0.

3. P is symmetric, so the spectral theorem applies and P = QAQ". From P? = P we get A2 = A for
every eigenvalue (Chapter 11 self-check), so each A € {0,1}. The count of 1s equals rank P.

4. No. It is triangular with A = 2 of AM = 3, but A — 21 = [g ég

1 < 3. This is a single Jordan block — maximally defective.

}hasrankZ,soGMz?)—Z:
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The Singular Value Decomposition

Diagonalization only works for square matrices with enough eigenvectors. The SVD works for
every matrix — rectangular, singular, defective, anything — and it does so with orthonormal bases
on both sides. The lecture notes open with the key manoeuvre: we need a square matrix; AT A and
AAT will be square, and they will also be symmetric. Apply the spectral theorem to those, transfer the

result back, and the SVD falls out. It is the climax of the course and the foundation of PCA, image
compression and low-rank approximation.

Strang §7.1 (“Singular Values and Singular Vectors”), §7.2 (“Bases and Matrices in the g%bt?, ‘§9F3Ed'

(“Principal Component Analysis”), §7.4 (“The Geometry of the SVD”). The supplementary SVD
lecture notes follow this route exactly.

13.1 The statement

Theorem 13.1 Singular Value Decomposition

Every matrix A € R"*" of rank r factors as

A=UxVT"

where

e U € R™™ is orthogonal; its columns uj, . .., u,, are the left singular vectors;
* V € R"" is orthogonal; its columns vy, . .., v, are the right singular vectors;
* Y € R™*"is “diagonal” with non-negative entries

20z 20>0=00=...,

the singular values.
Exactly r = rank A singular values are nonzero.
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VT

mxn mxm mxn

Figure 13.1: Shapes in the SVD. U and V are square and orthogonal; 3. has the same shape as A and carries
the singular values on its main diagonal in decreasing order.

Intuition - what the three factors do

Read Ax = UXV Tx from right to left:
1. VT rotates (or reflects) the input into the frame of the right singular vectors — no
stretching, since V is orthogonal;

2. X stretches each of those axes by ¢;, and may pad with zeros or drop coordinates to
change the dimension;

3. U rotates the result into the output frame.

So every linear map, however complicated, is a rotation followed by an axis-aligned stretch
followed by another rotation. There is nothing else a matrix can do.

%)
o
vT x u
—_— — —

unit circle rotate stretch axes rotate again
input still a circle now an ellipse output

Figure 13.2: The geometry of the SVD. Any matrix maps the unit sphere to an ellipsoid; the singular values
are the lengths of its semi-axes, and the left singular vectors are their directions.

13.2 Why it works

Theorem 13.2 Construction from AT A and AAT

Let A € R™".
(i) ATA is symmetric positive semidefinite; by the spectral theorem ATA = VAVT with
V orthogonaland Ay > --- > A, > 0.

(ii) The singular values are 0; = \/A;.
(iii) The right singular vectors v; are the eigenvectors of AT A.
(iv) Fori <, the left singular vectors are

A"Ol'
-

u;
Ji

and these are automatically orthonormal eigenvectors of AAT.
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Why the u; come out orthonormal — the crucial step.

ue — (sz-)T(Avj) _ UZT(ATA)U]' _ ZJZT()\]Z)]) _ )\] (Ul' "Uj)
o 0] 0] 0] A

If i # j then v; - v; = 0 and the whole thing is 0. If i = j then v; - v; = 1 and the valueis A;/ O'iz =1
So {u;} is orthonormal.

Finally, Av; = ou; for every i says exactly AV = UZ, and multiplying on the right by VT = V1
gives A = UZVT. n

Proposition 13.1 Relation to eigenvalues

ATA=vxTevT AAT =uzxzTu’.

So ATA and AAT have the same nonzero eigenvalues 1712, ey, Urz ; they differ only in how

many zeros they carry.

Common Pitfall - singular values are not eigenvalues

For a general A the two are unrelated: [{ 3] has both eigenvalues 0 but singular values 2
and 0. They coincide only when A is symmetric positive semidefinite; for symmetric A in
general, 0; = |A;|.

13.3 Computing an SVD

Method SVD by hand

Form AT A (choose the smaller of ATA, AAT).

Find its eigenvalues A; and orthonormal eigenvectors v;; order themso A > Ay > ...
Set 0; = /A; and build X.

For each 0; > 0, set u; = Av;/0;.

If m > r, extend {u;} to an orthonormal basis of R” (any basis of N(AT) will do).

Assemble A = UXVT and verify.

Worked Example 13.1 « A full 2 X 2 SVD
30
4 5|
3 4/ (3 0 |25 20
0 5[4 5] |20 25|°
Step 2 — eigenvalues. tr = 50, det = 625 — 400 = 225, so A2 =500 +225=0 gives

_ 50+ /2500 —900 50 +40
N 2 2

& o o> W =

Find the SVD of A =

ATA =

A A1 =45, A =5.
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Eigenvectors of the symmetric matrix 2> 20 :for Ay =45, (ATA —45]) = —20 20
20 25 20 -20

20 20
gives vy « (1,1); for A, =5, [ ] gives vy « (1, —1). Normalising,

20 20

1 1 1 1
_ 1 _ 1 V—l
vl_ﬁH’ vz_ﬁ[q]' _ﬁll —1]'

Step 3 — singular values.

0 =V45=3V5  o0n=+5 T =

3v5 0 ]
Step 4 — left singular vectors.
A'v]: 0o == = — p U =——=—— = .
4 5/ V2|1l V29 3v5 310 |9| VDO |3

Avy = L 5 u—@——1 5

Check orthonormality: u; - u, = £ (3 —3) =0, [|u1|* = L(1+9) =1 .

Result.
A1 |13 35 0|, |1 1
SV 3 1| 0 V5| V2|1 -1
¥~

(V is symmetric here, so VT = V.)
Sanity checks. 010y = 3v/5-v/5 =15 = |[detA| = [15—0| v. 0? + 0% =45+ 5 =50 =
32 + 0% 4 42 + 5 v (the sum of squared singular values equals the sum of squared entries).

Worked Example 13.2 - A rectangular, rank-deficient example

2 2
2 2|
Step 2. tr = 4, det = 0,s0 Ay = 4, A, = 0. Eigenvectors: v; = 1(1,1) for A = 4, and

V2
vy = %(1,—1) for A = 0.
Step3.01 =2,00 =0,s0r =rank A =1 and

Step1. ATA =
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Step 4.

L 1
V2 V2

N —

11 1 2 2 1

_ 1 _ 1 — —

Av1—\ﬁ 11 [1]—\@2, U = 2| = 1
0 0 0 0 0

Step 5 — extend U. We need two more orthonormal vectors in R?, spanning N(AT).

Since AT = 1 ! 8] , its null space is {(a,b,c) : a+b = 0} = span{(1,-1,0),(0,0,1)}.
Normalising,
1 0
U = % -11, us = (0
0 1
Result. . )
0 0 1
~ ~ N’ VT
u M

Note how gracefully the SVD handles rank deficiency: the zero singular value simply
reports rank A = 1, where diagonalization would have been undefined (the matrix is not
even square).

13.4 The SVD and the four subspaces

Theorem 13.3 Orthonormal bases for everything

With A = UXVT of rank 7:

Subspace Orthonormal basis Dimension
Column space C(A) Uy, ..., U r

Left null space N(AT)  u,,q,...,uy m—r

Row space C(AT) V1,...,0; T

Null space N(A) Vi1, -+, Un n—r

Remark - the Big Picture, perfected

Chapter 9 gave bases for the four subspaces via elimination — but those bases were neither
orthogonal nor normalised. The SVD supplies orthonormal bases for all four simultaneously,
and in these bases A acts as simply as it possibly can:

A’vi:(]'iul' (IST’), Avl:0(1>7’)

It is the diagonalization that always exists.
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13.5 Low-rank approximation

Theorem 13.4 SVD as a sum of rank-one pieces

.

T T T T

A=) oiup! =omo] + 0, + -+ o,
i=1

Each term is a rank-one matrix, and the terms are ordered by importance.

Theorem 13.5 Eckart-Young

Truncating after k terms,
k
Ak = EO'iuiUIT y
i=1
gives the best possible rank-k approximation to A: for every matrix B of rank < k,
|4 = Agl| < [|A— B

in both the spectral and Frobenius norms. The error is ||A — Ag||, = k1.

Intuition « why this is compression

Storing A costs mn numbers. Storing Ay costs k(m + n + 1) — the k vectors u;, the k vectors
v;, and k scalars. For a 1000 x 1000 image, keeping k = 50 terms costs about 100,050
numbers instead of 1,000,000: a 10x saving, and if the singular values decay quickly the
picture is nearly indistinguishable. Lecture 6 makes the point: keeping only the largest
eigenvalues allows us to reconstruct images using much less storage.

truncate here: keep k = 4

index i

Figure 13.3: Typical singular value spectrum. Real data almost always has rapidly decaying o;, which is
precisely why low-rank approximation works so well in practice.

Worked Example 13.3 - Rank-one approximation

Keep only the first term:

1 3v5 |1 1| 3|1 1 15 15
_ T_ U e O =2V == =
Al = U-]ul'vl = 3\/5 \/ﬁ [3] \/E |:1 1:| /20 [3 3] 2 [3 3] [4:.5 4-5] )
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The error is

A— A =
" 05 05

15 —1.5]

whose largest singular value is 02 = /5 ~ 2.236 — exactly as Eckart-Young predicts.
Check: ||A — A1]|F =225 +2254+0254+025=5=03 V.
No other rank-one matrix comes closer to A.

13.6 The pseudoinverse

Definition 13.1 Moore—Penrose pseudoinverse

For A = UZVT of rank r, define
-
At =vztuT, Tt= diag(i—l,.‘.,%,O,...,O) .

(Invert the nonzero singular values; leave the zeros alone; transpose the shape.)

Proposition 13.2

AT generalises the inverse:
e if Aisinvertible, AT = A~1;

* if A has independent columns, AT = (ATA) 'AT — the least-squares formula of
Chapter 10;

e in general x™ = A™b is the shortest least-squares solution.

13.7 PCA versus SVD

The supplementary lecture notes include a slide comparing the two. The relationship is worth
stating precisely, since it is a common exam question.

SVD PCA

Applies to any matrix A a data matrix, after centring

Computes A=UuxvT eigen-decomposition of the covariance
matrix

Requires nothing columns must be mean-centred first

Output singular values and vectors principal components and explained vari-
ance

Relation — PCA is the SVD of the centred data

Numerics stable unstable if done via AT A explicitly

In practice, every serious PCA implementation computes the SVD of the centred data matrix
rather than forming the covariance matrix and diagonalizing it. Forming AT A squares
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the condition number and can destroy small singular values entirely. Chapter 14 works
through the details.

13.8 Exam preparation

Exam Preparation - Chapter 13

The decomposition

A=uxv', uUu=1IL, Vv=Il, #>--->0>0

Av;
ATA=vETsvT, o= /A(ATA), u= O'il

Reading facts off the SVD

rank A number of nonzero o;
C(A) span{uy, ..., u}
N(A) span{v,11,...,0n}
|det A| (square) 010y -+ Oy
Al o
condition number oy /0;
1A Yo7 =Y
Pitfalls
e Confusing o; with A;. Singular values are square roots of eigenvalues of AT A, and are always
> 0.

* Forgetting to order o7 > 0 > ...
¢ Forgetting to normalise the v; (then the u; come out wrong too).
¢ Writing A = ULV instead of UZVT.

¢ Trying to compute u; = Av;/0; when 0; = 0 — those u#; must come from N(AT) instead.
Self-check
1. Find the singular values of [% % ].

2. If Ais5 x 3 with o = (4,2,0), give the dimensions of all four subspaces.

»

. Show that ||Ax|| < oy ||x| for all x, with equality attained.

4. For symmetric positive definite S, how do the SVD and the spectral decomposition compare?

Answers

1. ATA= [89],s0A=9,4and 54 =3, 5, = 2. Note 0; = |A;(A)], since A is symmetric here.

2. r=2,m=5n=3dimC(A) =2,dimN(AT) =3,dim C(AT) =2,dimN(A) = 1.

3. Write x = Y c;v;, so ||x\|2 = Eclz. Then Ax = } <, c,o;u; and ||Ax||2 = Yi<s ciz(fl-2 < af[jclz =
o? B Equality holds at x = v.

4. They are identical: S = QAQT withall A; > 0is already of the form UrvT withU =V =Q

and ¥ = A (after ordering A decreasingly). For symmetric S with negative eigenvalues, 0; = |A;]
and the sign is absorbed into the corresponding column of U.
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Principal Component Analysis

PCA is the SVD applied to data. Given measurements of many correlated variables, it finds the
few directions along which the data actually varies, and lets you throw the rest away. Lecture 6
motivates it exactly this way: instead of studying height and weight separately, eigenvectors identify the
principal direction where the data varies the most. This chapter derives PCA from the covariance matrix,
connects it to the SVD, and works a complete numerical example.

Strang §7.3 (“Principal Component Analysis”) and §7.5. The supplementary Principles&wﬁoiigwtw'

Analysis lecture notes; Lecture 6 slides 7-10.

14.1 The problem PCA solves

Intuition - correlated measurements waste dimensions

Record the height and weight of 200 students. Plotted, the points form an elongated
cloud tilted at roughly 45° — taller students tend to be heavier, so the two variables carry
overlapping information. Describing each student by two numbers is wasteful: one number
along the cloud’s long axis captures most of what distinguishes them.

PCA finds that long axis automatically. In two dimensions the saving is modest; with
1000 correlated sensor readings it can be enormous. Lecture 6’s example: original data 1000
features; after PCA, 20 principal components — much faster machine learning with little loss of
information.

Definition 14.1 Goal of PCA

Given data xq, ...,xy € R?, find an orthonormal basis w1, wy, ... of R? such that
® w;s is the direction of maximum variance in the data;

* w, is the direction of maximum variance among those orthogonal to w;;

¢ and so on.

These are the principal components. Projecting onto the first k of them gives the best
k-dimensional summary of the data.
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w;

([ ] [ ] mean

(a) raw data: two correlated variables (b) principal components found

Figure 14.1: PCA finds the axes of the data cloud. wy points along the greatest spread; wo is perpendicular
to it and captures the residual.

14.2 Centring and the covariance matrix

Definition 14.2 Centred data matrix

Stack the observations as rows of X € RN*? (N samples, p variables). Compute the column
means ¥; = %, Y. xij and subtract them:

B=X-—1x', so every column of B has mean 0.

B is the centred data matrix.

Common Pitfall - centring is not optional

Skip the centring and the first “principal component” will simply point from the origin
towards the data cloud’s centre, telling you nothing about its shape. Every PCA begins by
subtracting the mean. (Whether to also divide by the standard deviation — standardising —
depends on whether the variables share units; if they do not, standardise.)

Definition 14.3 Sample covariance matrix

1
— _—— _BTB € RP*P.
5 N1 €
Entry (j, k) is the sample covariance of variables j and k; the diagonal entries are the
variances. S is symmetric and positive semidefinite (Chapter 6).

Theorem 14.1 PCA via eigen-decomposition

Let S = QAQT be the spectral decomposition, with Ay > A > --- > A, > 0. Then:
(i) the columns g; of Q are the principal components (loadings);

L

(ii) A;is the variance of the data along g;;
(iii) the total varianceis ) ; A; = trS;
(iv) the proportion of variance explained by the first k components is

A4+ A
)\1—1—”-—1—)\;,'
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Why the top eigenvector maximises variance. The variance of the data projected onto a unit vector w is

L

1
N1 |Bw|* = ——w"B"Bw = w" Sw.

N-—-1
Writing w = ), ¢;q; with Zciz =1,

w'Sw = ZAiciz < A chz = A,
i i

with equality exactly when c; = +1,i.e. w = £¢;. Restricting to w L g; forces c; = 0 and repeats
the argument with A, and so on. [ |

Theorem 14.2 PCA is the SVD

Let B = UXVT be the SVD of the centred data matrix. Then

N S U Ty T
S—mB B—mVZ v,

SO
¢ the principal components are the right singular vectors v;;

2
gi .

N-1'
¢ the scores (coordinates of the data in the new basis) are the columns of BV = UZX.

Remark - which route to take

Mathematically the two routes are identical. Numerically the SVD of B is strictly better,
because forming BT B squares the condition number — a singular value of 10~ becomes an
eigenvalue of 106, below double precision. Every library computes PCA by SVD.

e the variances are A; =

14.3 The PCA procedure

Method PCA, step by step

Arrange the data as X € RNV*?: one row per observation, one column per variable.
Centre: subtract each column’s mean to get B. (Standardise as well if the units differ.)

Covariance: S = 15 BTB — or go straight to the SVD of B.

=L N

Decompose: find eigenvalues A; and orthonormal eigenvectors g; of S, sorted with
M > > ...

5. Choose k: keep enough components to explain the desired fraction of variance (often
90-95%), or use the “elbow” of the scree plot.

6. Project: the reduced data is Z = BQ; € RN <k where Qj holds the first k eigenvectors.
7. Reconstruct (if needed): B = Z Q,;'—, and add the means back.
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Worked Example 14.1 «+ A complete PCA by hand

Five students are measured on two (standardised) variables:

b

I
o Ul W N
o O W o

Carry out PCA.
Step 1— means. ¥; = 283410516 — 4 g, — LE3E2H616 — 4
Step 2 — centre.

[—2 -3
-1 -1
B=|0 o0
1 2
2 2

Step 3 — covariance.

o= |2 0] D) 3] e

44+1+04+14+4 64+14+0+2+4
6+14+0+24+4 9+14+0+4+4

g_1[10 13] _[25 325
4|13 18| 325 45|
Step 4 — eigenvalues. tr S = 7 and det S = 2.5(4.5) — 3.252 = 11.25 — 10.5625 = 0.6875. So

_7xV49-275 7444625
N 2 N 2 ’

_ |10 13
- |13 18]

With N -1 =4,

A2 — 7\ +0.6875 =0, A

V/46.25 ~ 6.8007, giving
Ay~ 69004, Ay ~ 0.099.

Check: A1 + Ay = 7.000 = trS vand AqA; =~ 0.6873 ~ detS v'.
Eigenvectors. For A;: (S — AMqI)w = 0 gives (2.5 — 6.9004)w; + 3.25w,; = 0, so wy =
‘%wl ~ 1.3540 w;. Taking w; = 1 and normalising by V14 1.35402 = /2.8333 ~ 1.6833:

[o.5941] l—0.8044]
1]~ ’ qr =~

0.8044 0.5941

(g2 perpendicular to g1, as the spectral theorem guarantees).
Step 5 — variance explained.

A 69004

- ~ 0.9858 = 98.6%.
A +A;  7.0000

The first component alone captures almost 99% of the variance. Reducing from two
variables to one loses only 1.4% of the information.
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Step 6 — scores. Projecting each centred row onto g;:

(—2,-3) s —1.188 — 2.413 = —3.601
(-1, 1)I—> —0.594 — 0.804 = —1.398
zi=bj-q1: (0,0) —
(1,2)|—>0594—|—1609—2203
(2,2) — 1188 + 1.609 = 2.797

Each student is now described by a single number instead of two, and the ordering along
the “size” axis is preserved.

14.4 Choosing how many components

Criterion Rule

Cumulative variance keep the smallest k with } ;< A;/ }; A; > 0.90 (or 0.95)

Scree plot elbow plot A; against i and cut where the curve flattens

Kaiser criterion on standardised data, keep A; > 1 (a component must explain more than

one original variable’s worth)
Downstream task choose k by cross-validation on the model that consumes the components

elbow: keep k =3

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

component i

Figure 14.2: A scree plot. The eigenvalues drop sharply and then level off; components past the elbow
mostly describe noise.

14.5 What PCA is used for

Lecture 6 lists the applications; here is what each one is doing mathematically.
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Application What PCA contributes

Dimensionality reduction replace p correlated variables by k < p uncorrelated ones, speeding
up every downstream algorithm

Data visualisation project onto the first 2 or 3 components to plot high-dimensional data
and spot clusters

Noise reduction discard the small-A directions, which are typically dominated by mea-
surement noise

Feature extraction the components are new features, each a linear combination of the
originals, ranked by informativeness

Image compression eigenfaces: represent each face image by its coefficients on a small set

of principal face-images
Decorrelation the transformed variables have diagonal covariance — zero correlation
by construction

Worked Example 14.2 - Eigenfaces — the idea

Take N face photographs, each 100 x 100 pixels. Flatten each into a vector of p = 10,000
numbers and stack them into X € RN*10000,

1. Centre: subtract the “average face” from each image.
2. Take the SVD of the centred B.

3. The right singular vectors vy, v, ... are themselves 10,000-vectors — reshape each back
into a 100 x 100 image. These are the eigenfaces: ghostly composite patterns capturing
the main ways faces differ (lighting, face width, presence of glasses, and so on).

4. Every face in the dataset is then
face ~ average face + c1v1 + - - - + ¢k,

so it is stored as k ~ 50 coefficients instead of 10,000 pixels — a 200 x compression.
5. Recognition compares the coefficient vectors, which is fast and surprisingly robust.

This was the first practical face-recognition method (Turk and Pentland, 1991) and it is
nothing more than the SVD of a data matrix.

Common Pitfall - what PCA cannot do

¢ PCA is linear. Data lying on a curved surface (a spiral, a sphere) is not well summarised
by straight axes.

¢ PCA is unsupervised. The direction of greatest variance is not necessarily the direction
that best separates your classes — for that, use LDA.

¢ PCA is scale sensitive. Measuring height in millimetres instead of metres changes the
answer, unless you standardise.

* Components are hard to interpret. Each is a mixture of all original variables, so “compo-
nent 1” rarely has a clean meaning.
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14.6 Exam preparation

Exam Preparation -« Chapter 14

The pipeline

1 TB

centre S=§N=1

k k
X B S=0QAQT =P% 7 _-BQ,

Equivalently and better: B = ULV, components = v;, A; = 07/ (N — 1), scores = UX.
Facts

¢ Principal components are orthonormal eigenvectors of the covariance matrix, ordered by decreas-
ing eigenvalue.

* );is the variance along component i; tr S = }_ A; is the total variance.
* Variance explained by k components = } ;< A;/ tr S.

* PCA of centred data = SVD of centred data.

e The transformed variables are uncorrelated.

Pitfalls

¢ Forgetting to centre.

* Forgetting to sort eigenvalues in decreasing order.

¢ Confusing A; (variance) with o; (singular value): A; = 07/ (N —1).

¢ Using PCA on non-linear structure and expecting it to work.

* Mixing up the two data layouts. Here rows are observations; some texts use columns, which
transposes everything.

Self-check

1. Data has covariance eigenvalues 8, 3,2, 1. How many components are needed to explain > 90%
of the variance?

2. Why must the covariance matrix always be symmetric positive semidefinite?

3. If all p variables are uncorrelated with equal variance, what does PCA return?

4. A dataset has N = 50 samples and p = 1000 variables. What is the maximum possible number
of nonzero eigenvalues of S?

Answers

1. Total = 14. One component: 8/14 = 57%. Two: 11/14 = 79%. Three: 13/14 = 93% > 90%. So
k=3.

2. S = y~;BTB, and AT A is always symmetric (Chapter 6) with xT AT Ax = | Ax|* > 0.

3. S = cl, so every eigenvalue equals ¢ and every orthonormal basis is a valid set of components.
PCA gives no preferred direction — correctly, since the data cloud is spherical and there is
nothing to find.

4. rank S = rank B < min(N — 1, p) = 49 (the —1 because centring removes one degree of freedom).
So at most 49 nonzero eigenvalues, and at least 951 zeros. This “p > N” regime is exactly where
PCA is most valuable — and why one computes the SVD of B rather than the 1000 x 1000 matrix
5.
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PART VI

Linear Transformations and Applications
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Linear Transformations, Translations and
Affine Maps

A matrix is a linear transformation in disguise. This chapter makes the connection explicit, cata-
logues the geometric transformations of the lecture notes — rotation, scaling, reflection, shear — in
both 2D and 3D, and then confronts the awkward one: translation. Translation is not linear, because
it moves the origin. The fix, homogeneous coordinates, embeds R” in R"*! so that translations
become matrix multiplications too, and every affine transformation — linear map plus shift —
becomes a single matrix. This is exactly how computer graphics pipelines work.

Strang §8.1 (“The Idea of a Linear Transformation”), §8.2 (“The Matrix of a Linear Transforma 1(‘)3”.)?‘1'

§8.3 (“The Search for a Good Basis”). The supplementary Linear Transformations lecture notes cover
geometric transformations in 2D and 3D.

15.1 Linear transformations

Definition 15.1 Linear transformation

A map T : V — W between vector spaces is a linear transformation if for all u,v € V and
all scalars c:

(L) T(u+wv)=T(u)+T(v), (L2) T(cu) =cT(u).
The two conditions combine into the single requirement
T(cu+dv) =cT(u) +dT(v).

Proposition 15.1 Immediate consequences

Every linear transformation satisfies

T(0) =0, T(—v)=—T(v), T(Zcivi) = Y aT(w).

Proof. Put ¢ = 0in (L2): T(0) = T(0v) = 0T(v) = 0. The others follow by induction on the
number of terms. n

Common Pitfall + T(0) = 0 is the quickest test

| If a candidate map does not send 0 to 0, it is not linear — no further work needed. This
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immediately disqualifies translation, which is the subject of Section 15.4.

Theorem 15.1 Every linear map on IR” is a matrix

T : R" — R™ is linear if and only if there is a unique matrix A € R"*" with
T(x) = Ax forall x € R".

The matrix is built from the images of the standard basis vectors:

A= [T(el) T<82> T(en)]

Proof. Multiplication by a matrix is linear by the distributive rules of Chapter 3. Conversely, given
linear T, write x = x1e1 + - - - + x,e,,; then

T(x) =x1T(e1) +---+x,T(en) =[T(e1) --- T(en)]x.

Uniqueness: applying both candidate matrices to e; shows their jth columns agree. u

Intuition « the whole map from 7 vectors

A linear transformation of IR” is completely determined by what it does to the n basis
vectors. Everything else follows by linearity. That is why matrices — which store exactly
those n images as columns — are adequate to describe every linear map.

Worked Example 15.1 - Linear or not?

Decide which of these maps R? — R? are linear.

@) T(x,y) = (2x —y, x+3y)
(b) T(x,y) = (x+1,y)

(©) T(x,y) = (x* y)

@) T(x,y) = (v, x)

@ T(xy) = (Il 0)

(a) Linear. T(0) = (0,0) v/, and it is visibly of the form Ax with A = [3 J!].

(b) Not linear. T(0,0) = (1,0) # 0. This is a translation by (1,0) — affine, not linear.

(c) Not linear. T(2,0) = (4,0) but 2T(1,0) = 2(1,0) = (2,0). Fails (L2). A squared term
can never be linear.

(d) Linear. It swaps coordinates: A = [{
(e) Not linear. T(—1,0) = (1,0) but —T(
the triangle inequality, not equality).

Definition 15.2 Kernel and range

ForlinearT:V — W,
kerT ={v e V:T(v) =0}, rangeT = {T(v) : v € V}.
When T(x) = Ax these are exactly N(A) and C(A), and the rank-nullity theorem reads
dimker T +dimrangeT = dim V.

4], the reflection in the line y = x.
1,0) = (—1,0). Norms are not linear (they satisfy
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15.2 Geometric transformations in 2D

The lecture notes classify the key types. All of the following (except translation) are linear, because
they fix the origin.

Type Matrix det Effect
Rotation by 6 cost —sin +1 turns, preserves shape
Y sinf  cos6 P P
. _sx 0 ]
Scaling 0 s SxSy stretches along axes
L Y]
. . 1 0 . .
Reflection in x-axis 0 —1 -1 flips vertically
o[ 0] o
Reflection in y-axis 0 1 -1 flips horizontally
L
Shear along x 01 +1 slants, preserves area
L o]
Shear along y r o1 +1 slants, preserves area
o 1 0] N
Projection onto x 0 0 flattens (not invertible)

!

original rotation 45° scaling (1.8, 0.75) reflection in y-axis

2]

shear k = 0.8  projection (collapses) translation — not linear

Figure 15.1: The standard geometric transformations. All but the last fix the origin and are therefore linear;
translation moves the origin and is not.

15.2.1 Rotation

Definition 15.3 Rotation matrix

Counter-clockwise rotation by 6 about the origin:

cosf —sinf
Ro=| . .
sinf cos@
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The lecture notes instead write

cosf sinf
—sinf cos6

] =R _g=R],

which is the same map with 6 measured clockwise. Either convention is fine provided you
state which one you are using.

Ry is orthogonal: R;,'-Rg =1I,detRyg =1,and

R;'=R_g=R{, RuRg = Ryip.

2 .2
cos” 6 + sin” 6 0
Proof. RTRy = = I. For composition, multiply out and use the
ook o o 0 sin® 6 + cos? 0 post Py
angle-addition formulas: the (1,1) entry of RyRg is cosa cos f — sinasin f = cos(a + ), and
similarly for the rest. u

Worked Example 15.2 - Rotating a point

Rotate (3,1) by 90° counter-clockwise, then by a further 30°.

3 3
e | R B3| [266
SR IV S T R 33 _ 1 2.098
2 2 2 2

Length check: ||(3,1)|| = v/10 ~ 3.162 and v/2.3662 + 2.098% = 1/5.598 + 4.402 = /10 v'—
rotations preserve length, as every orthogonal matrix must.

15.2.2 Reflection in an arbitrary line

Proposition 15.3

Reflection in the line through the origin at angle 6 to the x-axis is

_ [cos 20  sin20

, detFy = -1, F}=1
sin 20 —cosZG] S 2

1 —1
Special cases: 6 = 0 gives reflection in the x-axis [O 1] ;0 = 7 gives [ 0 (1)] ;0=1
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Remark - the sign of the determinant is the orientation

det = +1 means orientation is preserved (a rotation); det = —1 means it is reversed (a
reflection — a left hand becomes a right hand). Since det(AB) = det A det B, composing
two reflections gives det = +1: two reflections always make a rotation. This is why mirrors
come in pairs in a kaleidoscope.

15.2.3 Shear

Definition 15.4 Shear

A shear slants a shape by shifting coordinates along one axis in proportion to the other:

01

Worked Example 15.3 - A shear is defective

Sx(k) has det = 1, so it preserves area, and its only eigenvalue is A = 1 (repeated).

Sx(k) = [ Bl

L k] (shift xby k-1),  S,(k) = [1 O] (shift y by k - x).

Sx(k) —1 = ]S has rank 1 (for k # 0), so GM(1) = 1 < 2 = AM(1): the shear is

defective and cannot be diagonalized (Chapter 12).

Geometrically this is exactly right — a shear leaves only the x-axis pointwise fixed and tilts
every other direction, so there is genuinely only one invariant line. The algebra and the
picture agree.
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15.3 Geometric transformations in 3D

Transformation Matrix

1 0 0
Rotation about x-axis Ry(0) = |0 cos® —sin®
0 sinf cosf
[ cosf 0 sind
Rotation about y-axis Ry(0) = 0 1 0
—sinf 0 cos#@
cos® —sind 0]

Rotation about z-axis R;(8) = |sinf® cos® 0
| 0 0 1]

Scaling diag(sx, sy, sz)

Reflection in the xy-plane diag(1,1,-1)

Reflection in the yz-plane diag(—1,1,1)

Reflection in the xz-plane diag(1,-1,1)

Reflection through the origin diag(—-1,—-1,-1) = —I

Common Pitfall - 3D rotations do not commute

Ryx(0)Ry(¢) # Ry(¢p)Rx(0). Rotate a book 90° about the vertical axis then 90° about the
horizontal, and compare with the opposite order — the results differ. This is the non-
commutativity of Chapter 3 made physical, and it is why 3D orientation is usually stored
as a quaternion rather than as three separate angles.

Worked Example 15.4 « Composing 3D rotations

Rotate (1,0,0) by 90° about the z-axis, then 90° about the x-axis. Compare with the reverse
order.

-1 0 1 0 O
R;(90°)= 1|1 0 o0f, Rx(90°) = [0 0 -1
0 1] 01 0
Order 1: z then x. o o o -
1 0
R, |0 = |1], Ry [1| =10
_0_ L~ L~ —1—
Order 2: x then z. L o o o
1 1 1
R, 10| = (0], R; |0 = |1
0] 0] 0] 10

The results (0,0,1) and (0,1,0) are different. Order matters.
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15.4 Translation and why it breaks linearity

Definition 15.5 Translation

Translation by a fixed vector ¢ € R" is the map
T(x) =x+t.

It moves every point by the same displacement, changing position but not orientation, size
or shape.

Theorem 15.2 Translation is not linear

,

If t # 0, translation by ¢ is not a linear transformation.

Proof. T(0) = 0+ t = t # 0, violating the requirement T(0) = 0. Concretely, additivity also fails:
Tu+v)=u+v+t but T(u)+T(v)=u+v+2t,

which differ by . [ ]

Remark - the lecture notes’ phrasing

Translation is not a linear transformation by itself because it does not preserve the origin, but it can
be represented using matrices in homogeneous coordinates. That is the plan for the rest of this
chapter.

Intuition - why this matters in practice

Graphics, robotics and vision pipelines need to chain together dozens of operations: move
the object here, rotate it, scale it, move the camera, project. If translations could not be
written as matrices, every chain would be an awkward alternation of matrix multiplications
and vector additions. Homogeneous coordinates make the whole chain a single matrix
product — which hardware can execute in one instruction.

15.5 Homogeneous coordinates

Definition 15.6 Homogeneous coordinates

Embed RR? into R® by appending a 1:

X
X — |y
H 1

X

More generally R” < R"*! via x — [{]. A point (x,y,w) with w # 0 represents the
ordinary point (x/w, y/w); points with w = 0 represent directions (points at infinity).
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Theorem 15.3 Translation as a matrix

In homogeneous coordinates, translation by (¢, t,) is

1 0 t x x +tx
T=101 ¢, T ly| = |y+ty
0 0 1 1 1

The map is now a genuine matrix multiplication — and it is linear as a map on R3; it is only
the restriction to the plane w = 1 that looks like a shift.

Intuition + what the trick really does

T is a shear of R3 along the w direction. Slicing that shear at the height w = 1 produces a
translation of the plane. So translation is not linear in IR?, but it is the shadow of something
linear in R® — which is exactly what the extra coordinate buys.

Figure 15.2: Homogeneous coordinates. The plane R? is lifted to the slice w = 1 of R3; a linear shear of R3
restricts to a translation of that slice.

Definition 15.7 Affine transformation

An affine transformation of IR” is a linear map followed by a translation:
T(x) = Ax+t.

In homogeneous coordinates it is the single (1 + 1) x (n + 1) matrix

Alt X
, M
o' |1 [

1
Affine maps preserve straight lines, parallelism, and ratios of lengths along a line — but
not necessarily angles, lengths or the origin.

Ax+t
1

M: =
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2D transformation Homogeneous matrix

1 0 t
Translation (ty, ty) 0 1 ¢t
0 0 1
[cos® —sind 0
Rotation by 6 sinf cosf® O
0 0 1
[s: 0 0
Scaling (sy, sy) 0 s, 0
0 0 1
1k 0
Shear along x 010
0 01
1 0 0
Reflection in x-axis 0 -1 0
0 0 1

15.6 Composing transformations

Theorem 15.4 Composition is matrix multiplication

If S and T are linear (or affine, in homogeneous form) with matrices A and B, then the
composition S o T — “do T first, then S” — has matrix

AB.

Common Pitfall «+ read composed matrices right to left

M = M3M;,M; applies M first. The rightmost factor acts first, because it is the one adjacent
to the vector in M3Mj, M x. Getting this backwards produces objects in wildly wrong places
— the classic graphics bug.

Worked Example 15.5 « Rotation about an arbitrary point

Rotate the plane by 6 about the point ¢ = (cy, ¢ ), not the origin.

Rotation matrices only rotate about the origin, so we move the centre there, rotate, and
move back. Three steps:

1
1. translateby —c: T_.= |0
0

cosf —sinf O]
2. rotateby §: R = [sinf cosf O
0 0 1
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1 0 cy
3. translate backby +¢: T = |0 1 ¢,

0 0 1
The composite (remembering right-to-left) is

cost) —sin® cy —cycost +cysind
M=T.RT .= |sinf cosf Cy — Cxsin€ — ¢y cos b
0 0 1

Numerical check. Take 6 = 90° and ¢ = (1,1). Then cos6 = 0,sinf = 1, so

0 -1 1-0+1 0 -1 2
M=1|1 0 1-1-0|=1]1 0 O
0 O 1 0 0 1

The centre must be fixed: M(1,1,1)T = (0—-1+2, 1+0+0, 1) = (1,1,1) v". And the
origin should go to (2,0): M(0,0,1)T = (2,0,1) v'— rotating the origin 90° about (1,1)
does indeed land at (2,0).

Worked Example 15.6 « Scaling about a point, and why order matters

Scale by 2 about the point (3,4), and compare with “scale then translate”.

Correct (scale about (3,4)):

M = T(3,4) 52 T(_3’_4) =

o O =
S = O

3 0
4 0
1 1

Check the fixed point: M(3,4,1)T = (6 -3, 8—4, 1) = (3,4,1) v.

Wrong order (scale first, then translate by (3,4)):

M/ = T(3/4) Sz =

S O N
S N O

3
41,
1

which sends (3,4) to (9,12) — the point is not fixed at all. Same ingredients, completely
different result.

15.7 Change of basis

Definition 15.8 Matrix of T in a basis

Let T : R" — R" be linear and let B = {by,...,b,} be abasis with P = [by --- b,]. If Ais
the matrix of T in the standard basis, its matrix in B is

[T]g = P~AP.
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This is exactly the similarity relation of Chapter 11, now with its intended meaning: similar matrices
are the same transformation seen from different coordinate systems. Diagonalization A = XAX ! is
the search for a basis in which T is pure scaling; the SVD is the search for two bases (input and
output) in which T is pure scaling even when no single one exists.

Worked Example 15.7 - A transformation looks simplest in its own basis

4 -2
A = L acts confusingly in standard coordinates. In the eigenbasis x; = (1,1),

x; = (2,1) (Chapter 11),

So T is really just “stretch by 2 along (1,1) and by 3 along (2,1)”. The complicated-looking
entries 4, —2,1,1 are an artifact of insisting on the standard basis, which happens to be
badly aligned with what this transformation actually does.

15.8 Exam preparation

Exam Preparation - Chapter 15

Definitions
T(cu +dv) = cT(u) +dT(v), A=1[T(e1) - T(en)]

Linear = T(0) = 0. Affine: T(x) = Ax + t.
2D matrices to memorise

_|cos@ —sind| sy O 1 0 1 k
~|sin® cos® |© |0 s, |” [0 —-1|" |0 1
Alt | |x
ot |11
About-a-point: M = T, (transform) T_.
Determinant tells you what kind

Homogeneous form

det = 41 rotation / shear — area and orientation preserved
det = —1 reflection — orientation reversed

|det| =k  areas scaled by k

det=10 collapses dimension; not invertible

Pitfalls
¢ Calling translation linear. It is affine.

* Composing in the wrong order — the rightmost matrix acts first.

¢ Forgetting the translate—transform-translate-back sandwich for operations about a point other
than the origin.

¢ Assuming 3D rotations commute.

¢ Forgetting the trailing 1 when converting a point to homogeneous coordinates (and that directions
get a trailing 0 instead, so translations correctly leave them alone).

Self-check
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. Write the matrix that reflects in the line y = x then rotates by 90°. Is the result a rotation or a

reflection?

. Give the homogeneous matrix that translates by (2, —1), then scales by 3 about the origin.
. IsT(x,y) = (x +y, xy) linear? Justify.
. Find the matrix of the shear that maps (1,0) — (1,0) and (0,1) + (2,1). What are its eigenval-

ues?

Answers

1.

Reflection lny —xis F = [(1) (1)], Rgp = [(1) Bl] Reflect first, so M = RggF = [51 ?] detM = —1,
so it is a reflection — in the y-axis.

. Scale acts second, so M = ST = [Sgg] {%? —21} = [(3)(3) f3}.
001l Loo 1 00 1
. No. T(0) = (0,0) passes, but T(2,2) = (4,4) while 2T(1,1) = 2(2,1) = (4,2). The product xy
breaks (L2).

The columns are the images of e, ep: A = [} #]. Triangular, so A = 1 twice; GM = 1, so it is
defective — as every nontrivial shear is.

143



Applications of Linear Algebra

Lecture 1 justifies the course by pointing at the places linear algebra turns up: graphics, computer
vision, machine learning, data representation, cryptography. This chapter follows through on those
promises. Each section is short and self-contained, and each one is nothing more than a re-reading
of a technique already covered — which is the point. The subject is worth learning once because it
is then usable everywhere.

Strang Chapter 9 (“Linear Algebra in Optimization”) and Chapter 10 (“Learning from Data” )cf ‘ flis™

§9.2 on graphs and networks. Lecture 1 slides 9-18 motivate all of these.

16.1 Computer graphics

Every frame a game renders is a chain of matrix multiplications. A vertex p in an object’s own
coordinates travels through:

Pscreen =  Mproj Myiew  Mmodel Pobject
N _ —— ——

camera lens €@Mera pose object pose

all in homogeneous coordinates (Chapter 15), so that translations join rotations and scalings
inside a single 4 x 4 matrix.

Worked Example 16.1 - Building a model matrix

Place a cube: scale it to half size, rotate it 45° about the z-axis, then move it to (5,0, 2).

In 4 x 4 homogeneous form, with ¢ = s = 4:
100 5[ [c —s 0 0f |05 0 0 O
010O0||s ¢ 0O0 |0 05 0 O
Mmodel =
00120 0 100 0 050
0001J]0 0 0 1[0 0 0 1
translate rotate scale

Remember the order: the rightmost factor acts first, so the cube is scaled before it is rotated
and moved. Multiplying out,

05c —055 0 5 0354 —0354 0
Mo _|05s 05c 0 of 0354 0354 0
model =) 0 052 | o 0 05
1

0 0 0 0 0 0

—_ N O Ul
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A corner at (1,1,1) maps to
(0.354 — 0.354 + 0+ 5, 0.354 + 0.354 + 0, 0.5+ 2, 1) = (5, 0.707, 2.5, 1).

The GPU does this for millions of vertices per frame — which is exactly why graphics
hardware is built around 4 x 4 matrix multiplication.

Remark - why the projection matrix needs w

Perspective projection — distant objects appearing smaller — is achieved by writing a
—1 into the bottom row so that the output has w = —z. Dividing through by w (the
“perspective divide”) then scales x and y by 1/depth. This is genuinely non-affine, and it is
the one place where the w coordinate does real work rather than just enabling translation.

16.2 Image compression

Lecture 6 puts it directly: digital images contain many pixels; eigenvectors identify the most important
patterns; keeping only the largest eigenvalues allows us to reconstruct images using much less storage.

Worked Example 16.2 - Compressing a greyscale image with the SVD

A 512 x 512 greyscale photograph is a matrix A € R>2*°12 of pixel intensities. Compress it.

Take the SVD A = ULV and keep the largest k terms:
k
Ak = ZO’{ uiv;r 5
i=1

By Eckart-Young (Chapter 13) this is the best rank-k approximation available.
Storage.

Numbers stored vs. original Quality
Full image 512 x 512 = 262,144 100% exact
k=5 5(512+512+1) = 5,125 2.0% blocky outline
k=20 20,500 7.8% recognisable
k =50 51,250 19.6% near-indistinguishable
k =100 102,500 39.1% visually identical

The reason this works is that photographs are far from random: neighbouring pixels
are strongly correlated, so the singular values decay quickly and almost all the “energy”
|A||%Z = ¥, 0 sits in the first few terms.

Remark - SVD is not actually how JPEG works

JPEG uses the discrete cosine transform on 8 x 8 blocks — a fixed orthogonal basis, so it
need not be transmitted with the image. The SVD adapts its basis to each image, which
compresses better in principle but costs more to compute and requires storing U and V.
The underlying idea is identical: change to a basis where most coefficients are negligible,
then discard them.
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16.3 Machine learning and data science

Technique The linear algebra inside

Linear regression least squares: AT A% = ATb (Chapter 10)

Ridge regression (ATA +al)% = ATb — adding aI shifts every eigenvalue up by a,
guaranteeing invertibility

PCA eigen-decomposition of the covariance matrix (Chapter 14)

Neural network layer a1 = o(Wal¥) + b) — an affine map (Chapter 15) followed by a
nonlinearity

Word embeddings low-rank factorization of a word co-occurrence matrix

Recommender systems matrix completion: fill in a sparse ratings matrix by assuming it is

approximately low rank

Gradient descent convergence rate governed by the eigenvalues of the Hessian; the
condition number 07 /0, decides how slow it is

Worked Example 16.3 < Why a neural network needs its nonlinearity

Show that stacking two linear layers gains nothing.

Two layers without activation functions give
y = Wo(Wix +b1) + by = (WoWy)x + (Waby + b)) = Wx + b,

which is a single affine map with W = W, W; and b = Wb, + by. A hundred stacked linear
layers collapse the same way — the composition of linear maps is linear (Chapter 15).

So depth buys nothing at all without the nonlinearity ¢. It is precisely the failure of o
to be linear that makes deep networks more expressive than shallow ones. Notice also
rank(W,W;) < min(rank Wy, rank W ): a narrow layer imposes a hard rank ceiling on
everything downstream, which is the mathematics behind “bottleneck” architectures and
autoencoders.

Worked Example 16.4 - Ridge regression through eigenvalues

Why does adding aI fix an ill-conditioned least-squares problem?

Let ATA = QAQT with eigenvalues A; = (71-2 > 0. Then
ATA+al = Q(A+al)QT,

whose eigenvalues are A; + a. Every one is now strictly positive, so the matrix is invertible
even when A has dependent columns and A; = 0.
The effect on the solution is a shrinkage. Writing £ = ) ; azLjra (u; - b)v; in SVD terms:

e directions with ¢; > \/w are barely touched — the well-determined part of the fit
survives;

e directions with 0; </« are strongly damped — the noise-dominated part is suppressed.
Regularisation is thus a filter on singular values, and « sets the cutoff.
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16.4 Networks and graphs

Definition 16.1 Adjacency and incidence matrices

For a graph with n nodes and m edges:

* the adjacency matrix A € R"*" has a;; = 1 when nodes i and j are joined, else 0;

¢ the incidence matrix E € R"*" has, in the row for the edge from i to j, a —1 in column i
and a +1 in column j;

e the Laplacianis L = ETE = D — A, where D is the diagonal matrix of node degrees.

Proposition 16.1 Counting walks

,

(Ak),-j is the number of walks of length exactly k from node i to node j.

Proof. Induction. For k = 1 it is the definition. A walk of length k + 1 from i to j is a walk of length
k from i to some / followed by an edge ¢ — j; summing over { gives (AF1);; = ¥, (A¥);ay;,
which is matrix multiplication. u

Worked Example 16.5 « A small network

Four routers are connected: 1-2, 2-3, 34, 1-3. How many length-2 paths run from router 1
to router 4?

0110
L_|to1o
1101
0010
2 111
ootz
1130
1101

Entry (1,4) is 1: exactly one two-hop path, namely 1 — 3 — 4. v/
Bonus reading. The diagonal of A? gives the degrees: router 3 has degree 3, the others

2,2,1 — consistent with the edge list. And tr A®/6 counts triangles; here A contains the
single triangle 1-2-3.

,

Proposition 16.2 Laplacian and connectivity

The graph Laplacian L = D — A is symmetric positive semidefinite. The multiplicity of the
eigenvalue 0 equals the number of connected components. The second-smallest eigenvalue
— the algebraic connectivity or Fiedler value — measures how well connected the graph is,
and the sign pattern of its eigenvector gives a good two-way partition (spectral clustering).

,

Remark - PageRank

Google’s original ranking algorithm builds a column-stochastic matrix M from the web’s
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link structure and finds the eigenvector for A = 1:
Mr =r.

The entries of r are the page ranks. Existence of that eigenvector follows from the Perron—
Frobenius theorem, and computing it is done by repeated multiplication 7y, = Mry — the
power method, which converges because every other eigenvalue has |A| < 1 (exactly the
Markov chain argument of Chapter 12).

16.5 Cryptography

Worked Example 16.6 - The Hill cipher

Encrypt the message HELP using the key K =

Encode letters. A =0,B=1,...,Z =25,s0 HE = (7,4) and LP = (11,15).
Encrypt by ¢ = Kp mod 26:

7] [21+12] [33
4 14 420 34

K

Z] (mod 26) = HI

11| [33+45] [78
15 22475 97

K

0] (mod 26) = AT
19

Ciphertext: HIAT.
Decrypt with K~1 modulo 26. First detK = 15 — 6 = 9, and 9 is invertible mod 26 because
gcd(9,26) = 1;indeed 9-3 =27 = 1,509~ ! = 3. Then

K1=3 o =9
2 3

Check: K71(7,8)T = (105 + 136, 140 + 72) = (241,212), and 241 = 9(26) + 7, 212 =
8(26) + 4, giving (7,4) = HE V.

The key condition. K must be invertible modulo 26, which requires gcd(detK,26) =1—a
stricter demand than det K # 0 over R. (The Hill cipher is not secure by modern standards
— it falls to a known-plaintext attack, since enough plaintext-ciphertext pairs let you solve
for K by ordinary elimination. It is a nice illustration, not a recommendation.)

15 —9]

15 17
-6 9

o 9] (mod 26).
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16.6 Differential equations

q
Theorem 16.1 Solving % = Au
a

If A = XAX ! is diagonalizable with eigenvalues ); and eigenvectors x;, the solution with
u(0) = ug is
u(t) = creMlay + - -+ cpetixg,

A

where the ¢; come from expanding uy = Y c;x;. Compactly, u(t) = e?fuy with et =

XeM X1,

Intuition - eigenvalues decide stability

Along the eigenvector x; the system evolves as the scalar equation 1 = A;u, whose solution
is ei. So the eigenvalues are exactly the growth or decay rates:

e allRe(A;) < 0: every mode decays, the system is stable;
e some Re(A;) > 0: that mode blows up, unstable;

* purely imaginary A: oscillation without growth.

Diagonalization decouples n interacting equations into n independent scalar ones — that is
the whole reason for doing it.

Worked Example 16.7 - A two-species model

Solve 1 = Au with A =

From Chapter 11: A; =2 withx; = (1,1),and A, = 3 withx, = (2,1).
Expand the initial condition. Solve c1(1,1) 4+ ¢2(2,1) = (4,3):

c1+2c =4, cit+co=3 = =1 ¢ =2

-

Checkatt =0: (242,2+1) = (43) v. And#(0) = (4+6, 4+ 3) = (10,7), while
Au(0) = (16 —6,4+3) = (10,7) V.

Both eigenvalues are positive, so the system grows without bound, and for large ¢ the ¢
term dominates: the state aligns with the dominant eigenvector (2,1) regardless of where it
started. That asymptotic alignment is the same phenomenon as the Markov steady state,
with growth instead of decay.

Solution.
1

1

232t + 2€3t

3t
+e 2€2t + e3t

u(t) = 2e*

16.7 Numerical computing with Octave

The Wednesday practicals (Tutorial 03) use GNU Octave. For reference, here is the whole course
in commands.
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Command

Does

AxB vs A.*B

x = A\Db

inv (A)

det (A), rank (A), trace (A)
rref ([A b])

[L,U,P] = 1lu(Ah)
[Q,R] = gr(A)
[V,D] = eig(d)
[U,S,V] = svd(A)

null (A),orth (A)

norm (v), dot (u, v)

build a matrix (; separates rows)
transpose AT

matrix product vs. entrywise product
solve Ax = b — use this

inverse (avoid for solving)

the obvious things

reduced row echelon form

PA =LU

QR factorization

eigenvectors in V, eigenvalues on diag (D)
A=UzvT

orthonormal bases for N(A) and C(A)
length and dot product

eye(n),
ones (m, n)

zeros (m,n),

standard matrices

Common Pitfall « A\b versus inv (A) *b

Chapter 5 explained why: the backslash operator runs elimination with partial pivoting,
costing about %nB’ and choosing a suitable algorithm automatically (it even returns a least-
squares solution if A is rectangular). Forming inv (A) costs three times as much and loses
accuracy. In Octave and MATLAB alike, inv appearing in code is nearly always a mistake.

16.8 Exam preparation

Exam Preparation - Chapter 16

Which tool for which problem

Problem

Tool

Solve Ax = b exactly

Solve when there is no exact solution
Repeated application A

Long-run behaviour

Reduce dimensions of data

Best low-rank approximation

Move, rotate or scale objects

Count paths in a network

Decouple linear ODEs

elimination / LU

least squares, AT A% = ATb
diagonalization XA*X~1

dominant eigenvalue and eigenvector
PCA / SVD

truncated SVD (Eckart-Young)
homogeneous transformation matrices
powers of the adjacency matrix
eigen-decomposition

diagonal.

and PCA all do.

questions.

Recurring themes worth stating in an essay answer
* Change of basis. Nearly every technique amounts to finding coordinates in which the problem is

¢ Low rank. Real data is rarely full rank; exploiting that is what compression, recommendation

* Orthogonality. Perpendicular bases make coordinates cheap and computations stable.

* Eigenvalues govern dynamics. Growth, decay, stability and convergence rates are all spectral
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Self-check

1.

A 1000 x 800 image is approximated with k = 40 singular values. What fraction of the original
storage is needed?

2. Why can a stack of 10 linear layers in a neural network be replaced by one?

3. In a Markov chain with eigenvalues 1, 0.9, 0.3, which controls how fast the chain reaches equilib-
rium?

4. The Hill cipher key has det K = 13. Can it be used over Z4?

Answers

1. Original = 1000 x 800 = 800,000. Compressed = 40(1000 + 800 + 1) = 72,040, which is 9.0%.

2.

The composition of affine maps is affine: Wyg - - - Wix + b = Wx 4 b. Depth without nonlinearity
adds no expressive power.

. The second largest magnitude, 0.9. The error after k steps decays like 0.9%; the eigenvalue 1 merely

fixes what the limit is.

. No. ged(13,26) = 13 # 1, so 13 has no inverse modulo 26 and K~ does not exist over Zys —

decryption would be impossible. The key determinant must be coprime to 26.
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PART VII

Appendices
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Worked Tutorial Solutions

This appendix works through a representative selection from Tutorials 01-06, with full arithmetic.
Problems already solved inside the main chapters are cross-referenced rather than repeated. Where
a tutorial question is drawn verbatim from Strang, the corresponding textbook section is noted.

A.1 Tutorial 01 — Matrix arithmetic

Worked Example A.1 - T0O1 Q2 — transposes and traces, complete

-5 2 0 5 -1 8
A=17 -3 4|,B=|6 —-14 2].
=1 8 2 9 5 1

(i) Transposes.

-5 7 -1 5 6 9
AT=12 -3 3/, BT=|-1 —-14 5
0 4 2 8 2 1

(ii)—(ii) (A + B)T = AT + BT,

0 1 8 0 13 8
A+B=113 -17 6|, (A+B)T=1|1 —-17 8| =AT+B".v
8 8 3 8 6 3
(iv) (AB)T — BTAT. First
—13 —23 —36
AB= |53 55 54
31 -31 0

(Sample entries: (2,1) is 7(5) + (—3)(6) +4(9) = 35 —-18+436 = 53; (2,2) is 7(—1) +
(—3)(—14) +4(5) = —7 + 42 +20 = 55.) Then

—13 53 31
(AB)T = |—23 55 -31
36 54 0

Computing BT AT gives the same matrix. For instance its (1,2) entry is row;(B") = (5,6,9)
dotted with colo(AT) = (7, —3,4), giving 35 — 18 + 36 = 53 v/, matching (AB);'—Z.
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5 -7 1

W (-A)T=-AT.(-A)T=|-2 3 -3|.
0 —4 -2
(vi) (2A —5BA)T. First
—40 37 12
BA= |-130 60 —52],
-11 6 22

(sample entry: (1,2) is 5(2) + (—1)(—3) + 8(3) = 10 + 3 + 24 = 37). Then

-10 4 O —200 185 60 190 —181 —60
2A—-5BA=|14 -6 8| — |—650 300 —260| = [664 —306 268 |,
-2 6 4 =55 30 110 53 24 106

SO
190 664 53

(2A—5BA)T = |-181 —306 —24
—60 268 —106

(vii) tr(A + B). 0 — 17 + 3 = —14. Alternatively tr A+ trB= —6+ (—8) = —14 V.
(viii) tr ((2A — 5BA)T). Trace is transpose-invariant, so it equals

tr(2A —5BA) = 190 — 306 — 106 = —222.

Check by linearity: 2tr A —5tr(BA) =2(—6) —5(42) = —12 —-210 = —222 V..
(ix)—(x) tr(AB) and tr ((AB)T).

tr(AB) = —13+55+0=42,  tr((AB)") = tr(AB) = 42.

Remark - the built-in check

Independently, tr(BA) = —40 + 60 + 22 = 42. The agreement tr(AB) = tr(BA) = 42
is guaranteed by the cyclic property (Chapter 3) even though AB # BA — compare
the two products above, which share not a single off-diagonal entry. Use this identity
as a free check on every product you compute by hand.

Worked Example A.2 - T01 Q4(c) — a matrix square root

Strategy. Completing the square, X2 —2X + 1= (X —I)?,sowithY = X — I,

V2 _ -1 0 [— 0 0 '
6 3 6 4
Look for lower triangular Y = ! Then Y? = a* ) SO
& B d|’ e(a+d) 2|

*=0=a=0, d*=4=d=42, c(a+d)=6.
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Taking d = 2: 2c = 6,s0c = 3. Hence Y = lo 0] and

3 2
10
X=Y+I= .
* 3 3]
Verify. X? = 0l soxz—ox—|172 0 1 _ =101
12 9 12—-6 9-6 6 3
Taking d = —2 gives ¢ = —3 and the second solution X = 13 1 matrix equations of

this type generally have several solutions.

A.2 Tutorial 02 — Vectors and combinations (Strang §1.1-1.2)

Questions 1-10 of Tutorial 02 are worked in Chapter 1 (Q1, Q2, Q3, Q5, Q8, Q10, Q14, Q17, Q24,
Q27). The remainder:

Worked Example A.3 - T02 Q11 — fourth corners of a parallelogram

Three corners of a parallelogram are (1,1), (4,2), (1,3). Find all three possible fourth
corners.

Label a = (1,1), b = (4,2), ¢ = (1,3). Each choice of which corner is “opposite” the
missing one gives a different answer, and the rule is that the diagonals of a parallelogram
bisect each other:

d=b+c—a=A+1-1,2+3—1) = (4,4),

d=a+c—-b=(1+1-4,1+3-2)=(-2,2),
d=a+b—c=(1+4—1,142-3) = (4,0).

So the three possibilities are (4,4), (—2,2) and (4,0).
Check the first. Sides b —a = (3,1) and d — ¢ = (3,1) are equal, so those two sides are
parallel and of equal length — a parallelogram. v/

Worked Example A.4 - T02 Q25 — two different combinations

Find two different combinations of u = (1,3), v = (2,7), w = (1,5) producing b = (0, 1).

We need cu +dv +ew = (0,1), i.e.
c+2d+e=0, 3c+7d+5e =1.

Two equations, three unknowns — one free variable, hence infinitely many solutions.
Solution A (sete = 0): c +2d = 0 and 3c + 7d = 1. From the first c = —2d; substituting,
—6d+7d=1,s0d =1and c = —2:

—2u+1lv4+0w=(-2+2, —6+7)=(0,1). vV
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Solution B (set d = 0): c +¢e = 0 and 3c + 5¢ = 1. From the first c = —e; substituting,
—3e+5¢e=1,s0e=}andc=—

NI—

—tut+lw=(-1+1 -3+3)=(01).v

The delicate part. Will any three vectors in the plane admit two different combinations for
a given b? Not always. Three vectors in IR? are certainly dependent, so if b is reachable at
all there are infinitely many recipes. But b need not be reachable: if all three vectors lie on
one line (say all multiples of (1,1)) and b is off that line, there are zero combinations. So the
correct statement is: either none, or infinitely many.

A.3 Tutorial 04 — Inverses, rank and elimination

Q1, Q4, Q5(a), Q6, Q10(a), Q11, Q12(a), Q13 are worked in Chapters 4-9. Additional solutions:
Worked Example A.5 + T04 Q2 — reducing to triangular and to

Pivots 1,1, —2;detA=1-1-(-2) = —2.

1 3 3
(b) Reduce B= |2 4 10| to the identity.
3 8 4
1 3 3 < , 1 3 3 1 3 3
p RezuBe=SRi 1y 5 4| RNy g o BetRy g g
0 -1 -5 0 -1 -5 o0 -7
< , 1 3 3 1 3 0 1 0 O
3/(_ ) _2 R2+2R3, R1 —3R3 0 1 0 Rl —3R2 O 1 0 — I
1 0 0 1 0 0 1

Since B reduces to [, it is invertible; det B = 1(—2)(—7) = 14.

Worked Example A.6 « T04 Q5(b) — a 4 X 4 inverse

2 -6 —2 -3
5 —13 —4 -7
-1 4 1 2|
0o 1 0 1

Find B~ for B =
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Row reduce | B | I']. Begin by using the third row (which has a convenient —1) as the first
pivot row: swap R; <+ Rz and negate.

1 -4 -1 2|0 0 -1 0
5 —-13 -4 -7/{0 1 0 O
2 -6 -2 -3[/1 0 0 O
0 1 0 1 /00 0 1
R, —+ Ry —5Rq, R3 — R3 — 2R;:
1 4 -1 -2/0 0 -1 O
0o 7 1 3101 5 0
0O 2 0 1 /10 2 0
0 1 0 1 /0 0 0 1
Swap R; <+ R4 to get a leading 1:
1 4 -1 -2/0 0 -1 O 1 4 -1 -2/0 0 -1
0 1 0 110 0 0 1 R3 — 2Ry, Ry — 7Ry 0 1 0 1 /0 0 O 1
O 2 0 11(10 2 0 o o 0 -—-1|{1 0 2 =2
o 7 1 3|01 5 0 o 0 1 —-4|01 5 -7
Swap R3 <+ R4, then negate the new Ry:
1 4 -1 =210 0 -1 0
0 1 0 1 0O 0 0 1
0 0 1 -4 0 1 5 -7
0O 0 O 1 |/-10 -2 2

Now clear upwards: R3 — Rz 4 4Ry4, then R, — Ry — Ry, then Ry — R; + 2Ry, then
Ry — R; 4 R3, and finally Ry — Ry + 4Rj. The left block becomes I and the right block is

21 0 1
g1 1 0 2 -1
—4 1 -3 1
G =2 2

Verification — do this every time. Row 1 of Bis (2, —6, —2, —3).

* Against column 1of B7!, (-2,1,—4,—-1): -4—6+8+3=1V
e Against column 2, (1,0,1,0):24+0—-24+0=0Vv

e Against column 3, (0,2,-3,-2):0—-124+64+6=0V

e Against column4, (1,-1,1,2):24+6—-2—-6=0V

Row 4 of Bis (0,1,0,1); against column 4: 0+ (—1) +0+2=1 .

Consistency. det B = —1, and det(B~!) = 1/ detB = —1 as well — both matrices have
integer entries precisely because det B = £1.
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Remark - strategy for a4 x 4 by hand

This computation is long and error-prone. Two habits make it survivable: start by
manoeuvring a row containing +1 into the first pivot position (here row 3), which
keeps every subsequent multiplier an integer; and always spot-check several entries
of BB~! at the end. Under exam conditions, prefer Gauss-Jordan over the adjugate
for 4 x 4; in practice use Octave’s B\eye (4).

Worked Example A.7 - T04 Q9(a) — echelon form, basic columns, rank

2 2 -1
ForA= |4 0 2 |, find the row echelon form, the basic columns, and the rank.
0 6 -3
2 2 -1 Rt 3R 2 -1
AL g 4 4| 222 0 —4 4
0 6 -3 0O 0 3
2 2 -1
Row echelon form: ([0 —4 4
0O 0 3

Pivots sit in columns 1, 2, 3, so all three columns are basic and
rank A = 3.

A is therefore invertible; indeed det A = 2(—4)(3) = —24 # 0.

Worked Example A.8 - T04 Q9(c) — a rank-deficient case

1 21 -1
ForC= 1|9 5 2 2 |, find the echelon form, basic columns and rank.
7 1 0 4
1 2 1 -1 1 2 1 -1
c v, g 13 7 11| 2R lo —13 -7 11
0 —13 -7 11 0 O 0 0

Pivots: columns 1 and 2. Basic columns: (1,9,7) and (2,5,1) — the original columns. Rank:
rank C = 2.
Consequently dimN(C) = 4 —2 = 2 and dimN(C") = 3 —2 = 1. The zero row ap-
peared because row 3 of C equals row 2 minus 2xrow 1: check (9,5,2,2) —2(1,2,1,—-1) =
(7,1,0,4) v .
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Worked Example A.9 - T04 Q7 — normal form PAQ

ForA= |3 -3 1 2 |,find non-singular P and Q with PAQ in normal form [ {].

Step 1 — row reduce (this builds P). Put the simple row first, Ry <> R3:

11 1 2 11 1 2
3 —3 1 2| BRI Ny g 2 4
2 1 -3 —6 0 -1 -5 —10
11 1 2 11 1 2
Bele =28 a4 5 g | 2 g 1o
0 -6 —2 —4 00 28 56
111 2 100 0
R3/28 015 10 clear above 010 0
001 2 0012

Sorank A = 3.
Step 2 — column operations (these build Q). One column operation finishes the job:
C4 — C4 — 2C3 removes the last entry, giving

1
PAQ = |0 =[L]0],
0

S = O

0
0
1

e e @

the normal form with r = 3. Here Q is the identity with —2 in position (3,4):

100 0
010 0
Q_001—2'
000 1

and P is the product of the elementary row matrices used, obtainable by applying the same
row operations to Is.

The normal form theorem says every m x n matrix of rank r is equivalent to H)’ 8] .
Rank is the only invariant under row and column operations together — which is why
it is such a fundamental quantity.

A.4 Tutorial 05 — Determinants

Q1, Q2(a), Q3, Q4, Q5, Q6(b)(i), Q7 are worked in Chapters 6 and 7. Additionally:
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Worked Example A.10 -« T05 Q2(b) — verifying a 3 X 3 inverse pair

Compute AB row by row.
Row 1 of Ais (1,3,3):

(1,3,3)-(7,-1,-1) =7—-3-3=1,
(1,3,3) - (=3,0,1) = -3+ 0+3 =0,
(1,3,3) - (—3,1,0) = —3+3+0 = 0.
Row 2 of Ais (1,3,4):
(1,3,4)-(7,-1,-1) =7—-3—-4=0, (1,3,4)-(-3,0,1)=-3+0+4=1,
(1,3,4) - (—3,1,0) = —3+3+0 = 0.
Row 3 of Ais (1,4,3):
(1,4,3)-(7,-1,-1) =7-4-3=0, (1,43)-(=3,0,1)=-3+0+3=0,
(1,4,3) - (=3,1,0) = —3+4+0=1.

So AB = I v/, and since both are square this suffices (Chapter 5) — B = A~L.

Cross-check via the determinant. Expanding A along row 1: 1(9 —16) —3(3 —4) +3(4 —
8)=-7+3+43=-1. AnddetB=7(0-1)+3(0+1)—3(-1-0)=-7+3+3=—1.
Consistently det AdetB =1 = detI v'.

Worked Example A.11 - T05 Q6(a)—(b)(ii) — Cramer’s rule, statement and use

(a) State Cramer’s rule. If Ax = b with A an n X n matrix and detA # 0, the unique

solution has components
det A j

% = JetA’
where A is A with its jth column replaced by b.
(b)(ii) Solve —7x — 6y — 12z = 0,5x +5y +7z = 0, x +4z = 0.

The system is homogeneous. Its determinant is

-7 -6 —-12
detA=15 5 7
1 0 4

Expanding along row 3 (which contains a zero):

-6 —12 —7 =
=1 56 7 S e 5 ° = (—42+60) +4(—35+30) = 18 —20 = —2.
Since det A = —2 # 0, A is nonsingular and the only solution is the trivial one:
X = y =/ — 0_
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Cramer’s rule confirms it directly — each A; has a column of zeros (the replaced column is
b =0),sodetA; =0and x; = 0/(—2) = 0 for every j.

A homogeneous system Ax = 0 has a non-trivial solution if and only if det A = 0.
Computing the determinant answers the question before any solving begins.

A.5 Tutorial 06 — Eigenvalues (Part A)

Q1-Q7 of Part A are proved in full in Chapters 11 and 12:

Question Content Where

Ql(a) definitions of eigenvalue, eigenvector, eigenspace Ch. 11, Def. 11.1
Q1(b) why x # 0 is essential Ch. 11, pitfall box
Q1(c) cx is also an eigenvector Ch. 11, pitfall box
Q1(d) E) = ker(A — AI) is a subspace Ch. 11, Thm. 11.6
Q2(a) Akx = \rx by induction Ch. 11, Thm. 11.4
Q2(b) p(A)x = p(A)x Ch. 11, Thm. 11.4
Q2(c) counterexample for the converse Ch. 11, Ex. 114
Q3 det(A—AI) =0; A =0 <= singular Ch. 11, Thm. 11.1
Q4 distinct eigenvalues = independence Ch. 11, Thm. 11.5
Q5 trA=Y A;, detA =TI\ Ch. 11, Thm. 11.3
Q6 AX = XA, A¥ = XA¥X~1, multiplicities Ch. 12

Q7 similar matrices Ch. 11, Thm. 11.7

Worked Example A.12 - T06 Q1(a) — the three definitions, stated for the exam

Let A € R™".

Eigenvalue. A scalar A € R is an eigenvalue of A if there exists a vector x € R” with x # 0
such that Ax = Ax.

Eigenvector. Such a vector x is called an eigenvector of A corresponding to the eigenvalue
A. (It is required to be nonzero; it is not unique, since every nonzero multiple works too.)
Eigenspace. For an eigenvalue A of A, the eigenspace is

Ey={x€eR": Ax = Ax} = ker(A — AI) = N(A — AI).

It is a subspace of IR", consisting of all eigenvectors for A together with the zero vector. Its
dimension is the geometric multiplicity of A, and dim E;, = n — rank(A — AI).

Worked Example A.13 - T06 Q1(c) — scalar multiples of eigenvectors

Prove that if x is an eigenvector of A for A, then so is cx for every scalar ¢ # 0.

Since x # 0 and ¢ # 0, the vector cx is nonzero, so it is eligible to be an eigenvector. And

A(ex) = c (Ax) = ¢ (Ax) = A (ex),
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using linearity of matrix multiplication in the first step and commutativity of scalar multi-
plication in the last. Hence cx satisfies the eigenvector equation for the same A.

Why ¢ # 0 matters. For ¢ = 0 the calculation still holds numerically, but Ox = 0 is excluded
by definition from being an eigenvector — which is precisely the point of Q1(b).
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Assignment 01 — Full Solutions

Assignment 01 (duration 1 hour 45 minutes) has three questions worth 40, 30 and 30 marks. Between
them they test cofactor expansion, row reduction with a parameter, consistency conditions, column-
space geometry, dot products, independence and rank — essentially the whole first half of the
course. Complete solutions follow, with the marking logic indicated.

B.1 Question 1 (40 marks)

Let
by

1 1 1
A(t): 1 t 2f, b= |b,
1 2 t bs
(a) Find det(A(t)) using cofactor expansion.
(b) For which values of t does A(t)x = b have a unique solution for every b € R%?
(c) When t = 0, use row reduction to find the condition on by, b, b3 for consistency.

(d) When t = 2, do the same.

(e) Explain geometrically what happens to the column space whent =0 or t = 2. Isit all
of R3, a plane, a line, or only the zero vector?

(a) The determinant

Expand along the first row. The three minors are

t
2

2
My =

With the checkerboard signs +, —, +:

detA(t) =1(t* —4) —1(t —2) +1(2 - t).
Expanding and collecting,

detA(t) =t —4—t+2+2—t=1>—-2t,

SO

det A(t) = t(t —2)
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Remark - a useful cross-check

Setting t = 1 makes rows 2 and 3 read (1,1,

1,2) and (1,2,1), and the formula gives det =
11
12

]bySarrus:1—|—2+2—1—4—1:—1 V.

=N = —

1(1 —2) = —1. Direct computation of det {

(b) When the solution is unique for every b

A(t)x = b has a unique solution for every b € R® precisely when A(t) is invertible (Invertible
Matrix Theorem, Chapter 5), i.e. when det A(t) # O:

Ht—2)#0 <=  |[t#0andt#2 |

For t = 0 or t = 2 the matrix is singular: some b have no solution and the rest have infinitely
many.

(c) Thecaset =0

1 11
A0)= 1|1 0 2
120
Row reduce the augmented matrix:
11 1|h 1 1 1 b1
10 2[b | 228828, 10 21 1 |b—b
1 2 0]b; 0 1 —-1|bs—nh
1 1 1 by 1 1 1 by
Btk 1o 11 by — by =10 -1 1| b-b
0 0 O|b3s—by+b—b 0 0 O0]by+bz—2h

The last row reads 0 = by + b3 — 2b;. Hence the system is consistent if and only if

by+bs—2b1 =0, ie  b3=2b—b |

When this holds there are only 2 pivots and 3 unknowns, so there is one free variable and infinitely
many solutions.

Verification. Take b; = 1, b, = 1, giving b3 = 1. Then b = (1,1,1) and x = (1,0,0) solves the
system: A(0)(1,0,0)T = (1,1,1)T v". Whereas b = (1,0,0) has by + b —2b; = —2 # 0 and is
unreachable.

(d) Thecaset = 2

[N
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11 1] b
BB V01 1]by—by
00 0|bs—by

The last row gives 0 = b3 — by, so the consistency condition is

Again 2 pivots, so when it is satisfied there are infinitely many solutions with one free variable.

Verification. b = (1,2,2) satisfies b, = b3, and x = (0,1,0) gives A(2)(0,1,0)T = (1,2,2)T v.
(e) Geometry of the column space

In both singular cases the answer is the same in kind: C(A) is a plane through the origin in R.

Why a plane and not a line. In each case the reduction produced exactly 2 pivots, so rank A = 2
and dim C(A) = 2 — a two-dimensional subspace of R3, which is a plane through the origin.
It cannot be a line (that would need rank 1) or {0} (rank 0), because the first two columns are
independent for every t: no scalar multiple of (1,1,1) equals (1,£,2) unless t = 1and 2 = 1,
which is impossible.

Which plane. The consistency conditions found in (c) and (d) are the equations of these planes:

rank A C(A) Normal vector
t¢ {0,2} 3 all of R3 —
t=0 2 plane2by —b, —b3 =0 (2,—-1,-1)
t=2 2 plane b, — b3 =0 (0,1,-1)

Interpretation. For generic ¢ the three columns are independent and span all of R3: every target b
is reachable, by exactly one recipe. Att = 0 and t = 2 one column falls into the plane of the other
two — the third direction is lost. The set of reachable b collapses from a solid three-dimensional
space to a flat two-dimensional sheet, and only b lying exactly on that sheet can be produced. For
those that do, the lost direction reappears as a line of freedom in x (the null space), which is why
the solution becomes non-unique at the same moment it becomes conditional.

Remark - the dimension audit

= 1 (the normal direction),

Att =0ort = 2: dimC(A) = 2 and dimN(AT) = 3 -2
3—2=1,summingto3 =nv.

summing to 3 = m v'; dimC(AT) = 2 and dimN(A) =
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B.2 Question 2 (30 marks)

2 1 0
Letn= |—1|,a= | 0 |, b= |2|,and consider the plane P = {x € R® : n- x = 0}.
2 -1 1

(a) Show that both a and b lie in P.

(b) Show that a and b are linearly independent.

(c) Find the angle between a and b.

(d) Express r = (3,2, —2) as a combination of a and b; hence explain why r € P.

(e) Explain geometrically why all x with # - x = 0 form a plane through the origin.

(a) Membership
n-a=2(1)+(-1)(0)+2(-1)=2-0-2=0 = ac PV
n-b=20)+(-1)2)+2(1)=0—-2+2=0 = bePV

(b) Independence
Suppose cia + c2b = 0. Componentwise:
(Ist) ¢4 =0, (2nd) 2c, =0, (Brd) —c1+cp=0.
The first equation forces c; = 0 and the second forces ¢, = 0 (the third is then automatically

satisfied). Only the trivial combination gives 0, so a and b are linearly independent.

Alternative one-line argument. Two vectors are dependent only if one is a scalar multiple of the
other. Every multiple ka has second component 0, whereas b has second component 2 # 0; and
a # 0, so a is not a multiple of b either.

Consequence. Since dim P = 2 (see part (e)) and a, b are two independent vectors lying in P,
they form a basis of P.

(c) The angle
a-b=1(0)+0(2) + (-1)(1) = -1,

lal = 2R+ (1R =VE, b = VEFE 2 =V5

a-b I

lallllol v2-v5 V10

6 = arccos(—\/%fo) ~ 108.43° (~ 1.8925rad)

The negative dot product signals an obtuse angle before any arithmetic is done. Note also that
6 # 90°: the two vectors span the plane but are not perpendicular, so they form a basis of P that
is not an orthogonal basis.

Therefore
~ —0.31623,

cosf =
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(d) Expressing r

Solve cia + cob =7, i.e.

1 0 3
c1 | 0|+ |2 =|2
-1 1 -2

Componentwise:

(Ist) ¢ =3, 2nd) 20, =2=c =1, Brd) —ci+c=-34+1=-2V

Why r € P. P is a subspace (it is the null space of the 1 x 3 matrix n'), so it is closed under linear
combinations. Since a,b € P by part (a), any combination of them — in particular 3a +b = r —
also lies in P.

Direct confirmation. n-r =2(3) + (-1)(2) +2(-2)=6-2-4=0".

The third equation is consistent, so

(e) Why n - x = (O is a plane through the origin

Geometric argument. The condition n - x = 0 says x makes an angle of 90° with the fixed nonzero
direction n. In IR, the set of all directions perpendicular to one given direction sweeps out a flat
two-dimensional sheet — a plane. It passes through the origin because n - 0 = 0, so 0 always
satisfies the condition.

Algebraic confirmation. P = N(n") where n” = [2 —1 2]isa 1 x 3 matrix of rank 1 (it is
nonzero). By the rank—nullity theorem (Chapter 9),

dimP =3 —rank(n') =3 —-1=2.
A two-dimensional subspace of R? is exactly a plane through the origin.
Subspace check, explicitly. 0 € P; and if x, y € P with scalars c, d, then
n-(cx+dy)=c(n-x)+dn-y)=c(0)+d0) =0,

so cx +dy € P. In the language of Chapter 10, P = span{n}*, and dimspan{n} + dim P =
1+2=3V.

B.3 Question 3 (30 marks)

Let
2 4 6
A= 11 2 3
-1 -2 -3

(a) Show that all columns of A lie on the same line. State rank A.
(b) Describe C(A) geometrically.

(c) Determine whether Ax = (12,6, —6) has no solution, one solution, or infinitely many.
Find all solutions if they exist.

(d) Determine whether Ax = (1,0, 0) is solvable, justifying via the column space.

(e) Use cofactor expansion to compute det A. Explain why A is not invertible.
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(a) All columns on one line

The columns are

4 6
ap= 1|11, a= 1|2 |, a3 = | 3
—1 -2 -3
Directly,
a, = 2a,, as; = 3ay.

Every column is a scalar multiple of aj, so all three lie on the line through the origin in the
direction (2,1, —1).

Only one column is independent, so

(b) The column space

C(A) =span{ay, az,a3} =span{a1} =t | 1| : teR
-1
This is a line through the origin in R3 with direction vector (2,1,—1) — a one-dimensional
subspace, consistent with dim C(A) = rank A = 1.

Equivalently, b = (by, by, b3) lies in C(A) if and only if

by b b .
%ZTZZ—%' ie. by =2by and by = —by.

(c) Solving Ax = (12,6, —6)

Is it consistent? (12,6, —6) = 6(2,1, —1) = 6ay, which lies on the line C(A). So yes — the system
is consistent.

Row reduce.

2 4 6127 1 2 316 12 36
%7 —

1 2 3|6 | 2220 1 1 2 3|6 | BRBHR g 5 g0

1 -2 -3|-¢ ~1 -2 3| -6 0000

One pivot, no contradictory row. With n = 3 and r = 1 there are 3 — 1 = 2 free variables, hence
infinitely many solutions.

Complete solution. The single equation is x; 4 2x; 4+ 3x3 = 6. Take x, = s and x3 = t free; then
x1 = 6—2s — 3t

6 -2 -3
x=|0[+s| 1 |+t] 0], s,t€R
0 0 1

This is a plane of solutions in IR®: a particular solution (6,0,0) plus the two-dimensional null
space (Chapter 9).

Check. Withs = 1,f = 0: x = (4,1,0) and Ax = (8 4+4+0, 44+2+0, -4—2-0) =
(12,6,—6) V.
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(d) Solving Ax = (1,0,0)

Ax = b is solvable if and only if b € C(A) (Chapter 9). Here C(A) is the line {¢(2,1, —1)}. For
(1,0,0) to lie on it we would need

2t =1, t=0, —t=0,

and the first requires t = 1 while the second requires t = 0 — a contradiction. So

b =(1,0,0) ¢ C(A) : the system has no solution

Confirmation by elimination.

2 4 6 |1 0001
1 2 3 |o| B2BrR g 5 3]
1 —2 -3]o0 0000

The row (000 | 1) reads 0 = 1 — inconsistent. In rank terms, rank A = 1 butrank[ A | b]| = 2,
and rank[ A | b] > rank A is exactly the signature of inconsistency.

(e) The determinant

Expand along the first row:

3
-2 -3

detA =2

Each 2 x 2 determinant vanishes:

2 3
=2(-3)—3(—-2) = —6+6=0,
5, =29 -3(-2) =6+
1 3
=1(-3)—-3(-1)=-3+3=0,
AR C R C IR
1 2
=1(-2)—-2(-1)=-2+2=0.
S S mie 2 = 24

Hence

det A = 2(0) —4(0) +6(0) =0

Why A is not invertible. Several equivalent reasons, any one of which earns the marks:
¢ det A = 0, and a matrix is invertible if and only if its determinant is nonzero (Chapter 7).

¢ The columns are linearly dependent — a> = 2a; and a3z = 3a; — so they cannot form a basis
of R3.

e rank A = 1 < 3, so A does not have full rank.

* C(A) isaline, not all of R3, so Ax = b fails to be solvable for some b — as part (d) exhibited
concretely.

* N(A) # {0}: for instance A(—2,1,0)T = 0, so A cannot be one-to-one.

Geometrically, A crushes all of IR? onto a single line. Such a collapse destroys information
irreversibly, and no matrix can undo it.
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B.4 Marks summary and common errors

Part Tests Where marks are typically lost

Q1) cofactor expansion sign errors in (—1)*/; not simplifying to factored
form

Q1(b) Invertible Matrix Theorem answering “t = 0,2” instead of “t # 0,2”

Ql(c,d) row reduction with symbols dropping the b; through the operations

Ql(e) column space geometry saying “line” without checking the rank

Q2(ab) dot product, independence asserting independence without proof

Q2(c) angle formula forgetting that a negative cos 6 gives an obtuse an-
gle

Q2(d) linear combination not justifying r € P via closure

Q2(e) subspace / rank—nullity describing rather than proving

Q3(a,b) rank and column space claiming rank 2 by miscounting

Q3(c) complete solution giving one solution instead of all

Q3(d) solvability answering without reference to C(A)

Q3(e) determinant computing det correctly but not explaining non-

invertibility

Remark - the thread running through the paper

Every question is the same question in different clothing: what does A reach, and how much
freedom is left over? Q1 varies a parameter until the reachable set collapses from IR to a plane.
Q2 constructs a plane directly and works inside it. Q3 gives a matrix whose reachable set is
only a line. Rank is the number that governs all three.

170



Formula Reference Sheet

Everything worth memorising, on a few pages. Use this for last-minute revision; use the chapters

for understanding.

C.1 Vectors

Dot product
Length
Unit vector

Angle

Orthogonal
Expansion
Cauchy-Schwarz
Triangle
Transpose rule

veow=0vw= Y viw; (ascalar)

2
ol =vv-o, |of"=v-v
u=v0/|v
VW

cosf = ———
o]l |zl
vlw <= v-w=0

2 2 2
[oxw|” = o|" £20-w+ ||Jw]
|o-w| < [|o] ||lw]|
[o+w| < |lo]| + [Jw]]
(Ax) -y =x-(ATy)

C.2 Matrix algebra

Product

Column view
Associative / distributive
Not commutative
Transpose

Inverse

2 X 2 inverse

Trace
Symmetric
Orthogonal

(AB)ij = Lxawbyj, (mxn)(nxp) = (mxp)
AB=[Aby -+ Aby]; Ax =Y, x;a;
(AB)C = A(BC), A(B4+C) = AB+ AC
AB # BA in general
(AB)T = BTAT, (AT)T =4
(AB)_l — B_lA_l, (AT)—l — (A—l)T
o b1 [d b
c d|  ad—bc|—c a
trA =Y, a;, tr(AB) = tr(BA), tr(AT) =tr A
ST =35, ATAand AAT always symmetric psd
QTQ=1= Q' =QT (square Q)
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C.3 Elimination and factorization

Row operations R; = R; — IR}, R; <> R}, R; = cR; (c #0)
entry to clear

pivot
A = LU; L unit lower triangular holding the /;;

Multiplier fl] =
Lu
PA=LU
QR

Back substitution

with row exchanges; P~ = PT

A= QR,Q"Q = I, R upper triangular
1

Xj = — (Ci = Lj>i ”ijxj>

[AI] = [T A7}]

1"3.
3 7

Gauss—Jordan inverse

Cost 3

elimination ~ inverse ~ n

C.4 Determinants

a b
c d

aei+bfg+cdh — ceg —afh — bdi

2x2 =ad — bc

3 x 3 (Sarrus)

Cofactor Cij = (1) M
Expansion det A =) a;Cj; (any row or column)
Adjugate adjiA=CT, Al= Ter g 204
det A]
Cramer xXj= FetA
Pivots det A = (—1)°[I(pivots), s = #row swaps
Product det(AB) = det AdetB
Transpose det(AT) = det A
Scalar det(cA) = c"detA
Inverse det(A’l) =1/detA
Triangular det A =TT, a;
Warning det(A + B) # det A + detB

C.5 Vector spaces and the four subspaces

Subspace test 0OcWandku+coeW

Independence Ycuvi=0=allc; =0

Basis independent and spanning
Dimension size of any basis

Rank # pivots = dimC(A) = dimC(AT)

Rank-nullity rank A +dimN(A) =n

Solvability Ax = b solvable <= b € C(A) <= rank[A|b] = rank A
Complete solution x=2xp+N(A)

Subspace Livesin Dim  Basis from

C(A) R™ 7 pivot columns of A

N(A) R" n—r special solutions

C(AT) R" r nonzero rows of RREF

N(AT) R™ m —r row combinations giving 0
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N(A) =C(AT):, N(AT)=cC(A)*

C.6 Orthogonality and least squares

Projection onto a line

Normal equations
Projection matrix
Complement
Gram-Schmidt

OR least squares
Orthonormal coords

B aTba P aa’
P=ama® T 4Ta
ATA2=ATb

P=A(ATA)TAT,PT =P, P2=P

I — P projects onto N(AT)

wi = ag — Lick(ak - 4i)qi, g = wi/ ||wi]
Rt =Q'b

0 =Yi(v-qi)q;

C.7 Eigenvalues and diagonalization

Definition
Characteristic equation
Eigenspace

Checks

Multiplicities
Diagonalization
Powers

Spectral theorem
Similarity

Positive definite

Ax=Ax, x #0

det(A—AI)=0

Ey =N(A—AI),dimE) = n —rank(A — AI)
YA =trA, [[A =detA

1 <GM(A) < AM(A)

A = XAX™! (needs n independent eigenvectors)
AR = XAFX1

ST =5 =5 =QAQT, real A, orthonormal Q

B = P~1AP: same A, tr, det, rank

ST =Sandall \; >0 <= all pivots > 0 <= all leading minors
>0

Matrix

Ak A7l A4l cA AT

Eigenvalue Ak 1/A A+c cA A
Eigenvector same same same same different
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C.8 SVD and PCA

SVD

Singular values

Right singular vectors
Left singular vectors
Rank

Outer form

Best rank k

Norms

Condition number
Pseudoinverse

PCA: centre

PCA: covariance
PCA: components
PCA: variance
PCA: scores

A=UuxvT, u'u=1,Vv=I

0; = V/Ai(ATA) >0, sorted decreasing
eigenvectors of AT A

u; = Av;/o; (0; > 0)

# nonzero 0;

A= er:l UiuiviT

A = Lick ouiv] ; | A = Ally = 0
1Al = o1, |AlI7 = Lio?

K=o01/0y

At =vztuT

B=X-—1x'
_ 1 T

S= BB

eigenvectors of S = right singular vectors of B
A= O'iz/(N —1); explained = } ;< A;/ trS
Z = BQj = UZX (first k columns)

C.9 Transformations

Linear
Matrix of T

Rotation (2D)
Scaling

Reflection (x-axis)
Reflection (line at 6)

Shear (x)
Translation
Homogeneous affine

About a point ¢
Composition
Change of basis

T(cu+dv) = cT(u) +dT(v); T(0) =0

A=[T(e1) -~ T(en)]
cosf —sinf

det=1
sinf  cosf |” €

diiag(sx,sy), det = sysy

1 0
=-1

0 -1 , det
cos20  sin260
sin260 — cos20
1 k

=1
0 1 , det

not linear; affine
At | |x] |Ax+t
or |1 ||1] | 1
M = T, (transform) T_
rightmost matrix acts first
[T]g = P~1AP

C.10 The Invertible Matrix Theorem

For square A € R"*", all equivalent:

(1) Aisinvertible

2)

(B) Ax=0onlyforx =0
)

(4) columns are independent

Ax = b has a unique solution Vb

(5) columns span R"
(6) columns form a basis
(7) rows are independent

(8) rank A =n
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(9) n nonzero pivots (13) C(A) =R"
(10) RREFof Ais I (14) 0is not an eigenvalue
(11) detA #0 (15) allo; >0
(12) N(A) = {0} (16) product of elementary matrices

C.11 Decision table: which method?

Task

Method

Solve Ax = b, one right side

Solve for many right sides

Solve, no exact solution exists
Find A=, n =2

Find A~ 1L, n=3

Find A~',n >4

Just one component x;

Gaussian elimination + back substitution
factor A = LU once, substitute repeatedly
least squares AT Az = ATb

the 2 x 2 formula

adjugate, or Gauss-Jordan

Gauss—Jordan (not the adjugate)
Cramer’s rule

detA,n <3 Sarrus or cofactors
detA,n >4 row reduce, multiply the pivots
Test invertibility det A # 0, or count pivots

Test independence of n vectors in R”

Test independence otherwise
Basis for C(A)

Basis for N(A)

Compute A%

Long-run / steady state

Reduce data dimension

Best low-rank approximation
Rectangular or singular matrix

one determinant

columns into A, count pivots

pivot columns of the original A
special solutions from RREF
diagonalize, XA100 X1

dominant eigenvalue and eigenvector
PCA (via SVD of centred data)
truncated SVD

SVD (always exists)

C.12 Twelve mistakes that cost marks

=B1A"L

. (AB)T = ATBT x —itis BTAT; likewise (AB)~!
. det(cA) =cdetA X —itisc"detA.

. det(A + B) = det A+ det B X — no such rule exists.
. Forgetting the transpose inadj A = C'.

. Writing det(A — A) instead of det(A — AI).

. Reporting x = 0 as an eigenvector.

. Assuming a repeated eigenvalue means not diagonalizable — check GM against AM.

. Using RREF columns as a basis for C(A) instead of the original columns.

O 0 N O U1 ks WON e

. Confusing C(A) € R" with N(A) C R".

—_
o

. Cancelling A in AB = AC without checking A is invertible.

—_
—_

. Calling translation a linear transformation.

—_
N

. Composing transformations left to right — the rightmost matrix acts first.
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C.13 Greek letters used in this course

A lambda eigenvalue A diagonal matrix of eigenvalues

o sigma  singular value ¥ diagonal matrix of singular values
0  theta angle

¢ el elimination multiplier

L perp orthogonal to

& — direct sum
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Index

adjacency matrix, 147
adjugate, 62

affine transformation, 139
algebraic connectivity, 147
algebraic multiplicity, 104
augmented matrix, 16

basis, 74
blocks, 27

centred, 125
coefficient matrix, 16
coefficients, 4, 11
cofactor, 58
cofactor matrix, 62
column picture, 14
column space, 78
components, 2
consistent, 12
constant term, 11
coordinates, 74

defective, 104
determinant, 56
diagonalizable, 108
dimension, 75

eigenfaces, 129
eigenspace, 98
eigenvalue, 98
eigenvector, 98

free columns, 34

Gaussian elimination, 30
geometric multiplicity, 104

homogeneous, 12
hyperplane, 12

incidence matrix, 147
inconsistent, 12
inverse, 40
invertible, 18, 40

Jordan form, 111
kernel, 79

Laplacian, 147
left singular vectors, 116

length, 7

linear, 11

linear combination, 4
linear transformation, 132
linearly dependent, 6, 73
linearly independent, 6, 73

matrix, 20
minor, 58
multiplier, 30

nonsingular, 18, 40
normal equations, 92
normalizing, 7

null space, 79
nullity, 79

orthogonal, 7, 88
orthogonal complement, 89
orthogonal matrix, 90
orthonormal, 90

partial pivoting, 33
Permanent breakdown, 33
permutation matrix, 53
pivot, 30, 34

pivot columns, 34

positive definite, 112
positive semidefinite, 52, 112
principal components, 124
projection, 92

proportion of variance explained, 125

rank, 81

reduced row echelon form, 34

right singular vectors, 116
row echelon form, 34

row equivalent, 29

row picture, 12

scores, 126

shear, 136

similar, 106
singular, 18, 40
singular values, 116
skew-symmetric, 51
solution, 12
solution set, 12
span, 73

spanning set, 73
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special solution, 80
square, 18
standard basis, 9
subspace, 71
symmetric, 51
system, 12

Temporary breakdown, 33
trace, 25
transpose, 49

unit vector, 7
upper triangular, 30

vector, 2
vector space, 70

weights, 4
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